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MIXED HODGE STRUCTURES ON THE RATIONAL MODELS OF
INTERSECTION SPACES

MATHIEU KLIMCZAK

ABsTRACT. Let X be a complex projective variety of complex dimension n with only isolated
singularities of simply connected links. We show that we can endow the rational cohomology
of the family of the p-perverse intersection spaces {IﬁX}(ﬁ) with compatible mixed Hodge
structures.

1. INTRODUCTION

This paper deals with the notion of mixed Hodge structure associated to the intersection
spaces of a complex projective variety X of complex dimension n with only isolated singularities
and simply connected links.

Intersection spaces were defined by Markus Banagl in [2] as a way to spatialize Poincaré
duality for singular spaces. Suppose given a compact, connected pseudomanifold of dimension n
with only isolated singularities and simply connected links. We assign to this space a family of
topological spaces IP X, its intersection spaces, where P is an element called a perversity varying
in a poset P, called the poset of perversities. By analogy with intersection cohomology, denote
by HIx(X) := H*(I"X,Q) and by Hlﬁk (X) the associated reduced cohomology. We then have
for complementary perversities a generalized Poincaré duality isomorphism

HEH(X) = HI]_(X)"

with HI?_, (X)V = hom(HI!_, (X),Q).

The theory of intersection spaces can be seen as an enrichment of intersection homology since
they both give complementary information about X.

The aim of this paper is twofold. First we want to get a better understanding of the family
of cohomology algebras {HIi(X)}zep, when we take all the spaces into consideration. We
then want to put a mixed Hodge structure on these algebras and get results about formality of
intersection spaces.

Formality is a notion tied to the rational homotopy theory of topological spaces. The rational
homotopy type of a topological space X is given by the commutative differential graded algebra
ApL(X) in the homotopy category Ho(CDGAq) defined by formally inverting quasi-isomorphisms
and where Ap_(—): Top — CDGAq is the polynomial De Rham functor defined by Sullivan.
The space X is then formal if there is a string of quasi-isomorphisms from the cdga Ap (X) to
its cohomology with rational coefficients H*(Ap. (X)) = H*(X, Q) seen as a cdga with trivial
differential. In particular if X is formal then its rational homotopy type is a formal consequence
of its cohomology ring, its higher order Massey products vanish.

The combination of rational homotopy theory and Hodge theory has already been showed
to be fruitful. Using Hodge theory, Deligne, Griffiths, Morgan and Sullivan proved in [11] that
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compact Kéhler manifolds, in particular smooth projective varieties, are formal. It was also
shown by Simpson in [21] that every finitely presented group G is the fundamental group of a
singular projective variety X and then Kapovich and Kollar showed in [17] that this X could be
chosen to be complex projective with only simple normal crossing singularities. More recently,
Chataur and Cirici proved in [6] that every complex projective variety of dimension n with only
isolated singularities ¥ = {o1,...,0,} such that the link L; of each singularities o; is (n — 2)-
connected is a formal topological space.

The intersection spaces IPX of X are not complex nor algebraic varieties, even if X is. Thus
at first glance there should be no reasons for the cohomology of these spaces carry a mixed Hodge
structure. On second thought, when X is a complex projective variety of complex dimension n
with only isolated singularities and that we look at the rational cohomology of their intersection
spaces,

Q k=0
HIE(X) = HF(X) 1<k<p
PRV HM(X) @ im HY(X,eg) — HY(L) k=p+1
H*(X,eq) k>p+1

where X, := X — ¥ is the regular part of X, it becomes a bit more natural to think that
there is a mixed Hodge structure since each part of their rational cohomology can be endowed
with a natural mixed Hodge structure coming from X. We show here that in fact all these
structures naturally come from a mixed Hodge structure at the algebraic models level and that
this structure is compatible with the different operations defined on intersection spaces. Note
that our definition of intersection spaces 2.1.2 differs slightly from the original definition given
in [2].

The first example of such result comes from Banagl and Maxim [4]. They showed that if X is
a complex projective hypersurface with only one isolated singularity then under some conditions
the rational cohomology HIZ (X) can be endowed with a mixed Hodge structure. The question
of a Hodge structure on the intersection spaces has also been looked at in the work of Banagl
and Hunsicker [3] where they use L2-cohomology to provide a Hodge theoretic structure. We do
not follow these paths here and rather modify the rational homotopy theory tools developed in
[5] for the mixed Hodge structures in intersection cohomology.

We explain the contents of this paper.

The section 2 is devoted to collect the different definitions needed. We recall what we call
a perversity, the definition of the intersection spaces and the convention we use to construct
them. We also introduce the notion of a coperverse cdga which is the main tool for the rational
algebraic models of the intersection spaces. We then define a model category structure on the
category of coperverse cdga’s 2.6.

The section 3 is a direct application of the previous section. We define the notion of a
coperverse cdga associated to a morphism of cdga’s. As a result we show that the whole family
of algebraic models Al(X) computing the rational cohomology of intersection spaces carries a
structure of coperverse algebra and that we have a external product on that family, extending
the cup product that each I?X naturally has as a topological space.

The section 4 is the main section of this paper, we extend our notion of coperverse cdga to the
notion of coperverse mixed Hodge cdga. These coperverse mixed Hodge algebras carry a mixed
Hodge structure which is compatible with the differential, the product and the poset maps of the
underlying coperverse cdga. After developing their algebraic definitions we show in Theorem 4.1
that given a complex projective variety X of complex dimension n with only isolated singularities
and simply connected links, there is a coperverse mixed Hodge cdga M I5(X) quasi-isomorphic
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to the coperverse cdga AIs(X). As a result the whole family HIZ(X) carries a mixed Hodge
structure defined at the algebraic models level.

The section 5 is devoted to the computation of the associated weight spectral sequence. If X
is a complex projective algebraic variety with only isolated singularities and such that X admits
a resolution of singularities where the exceptional divisor is smooth, we are able to compute the
weight spectral sequence associated to the mixed Hodge structure. We then use this spectral
sequence to show a result of "purity implies formality" in Theorem 5.3.

The section 6 is completely devoted to the proof of the Theorem 6.1 : suppose X to be a
complex projective algebraic threefold with isolated singularities such that there exist a resolution
of singularities with a smooth exceptional divisor, then if the links are simply connected the
intersection spaces IPX are formal topological spaces for any perversity p. The proof being
rather long and intricate, we made the choice of giving it its own section. This result goes well
with the result of |7, Theorem E p.76| stating that any nodal hypersurface in CP* is intersection-
formal.

The last section 7 deals with computations. We compute the weight spectral sequences for
intersection spaces coming from K3 surfaces, Kummer surfaces, the Calabi-Yau generic quintic
3-fold and the Calabi-Yau quintic 3-fold where we are able to retrieve the cohomology of the
associated smooth deformation as stated in [4].

2. BACKGROUND, INTERSECTION SPACES AND COPERVERSE ALGEBRAS

2.1. Perversities and intersection spaces. Unless stated otherwise, all cohomology groups
will be considered with rational coefficients and these will be omitted in the notation.

Since we are concerned with complex algebraic varieties of complex dimension n with only
isolated singularities we use the following definition of a perversity. A perversity p is determined
by an integer 0 < p < 2n—2, we then denote by P2 the poset {0, ..., 2n—2; <} with the reverse

order and 7/3;01) := P2 U {oo}. The posets P2P and ’ﬁ\nop are then totally ordered and look like
n—-2—-2n-3—=--—=2—-1-=0.

x—=2n—-2—-2n—-3—---—=2—->1—=0.

The maximal element is the zero perversity 0 = 0, the minimal element is the top perversity
t =2n —2 for P2 and oo for 7/3;01). The partial addition @ is just the classical addition and we
putpdg:=p+qif p+q <2n—2 for PP and 7/?;01). The complementary perversity g of p is
theng=t—-p=1t—p.

If we do not consider complex varieties but just pseudomanifold of real dimension n with only
isolated singularities, we will still use a linear poset

n—-2—-n-3—=---—=2—=1-=0.

Throughout this paper, every equation involving perversities will be considered in P°P. For
example max(p,0) =0 for all pand if p=2and g =1, then p < q.

Intersection spaces were defined by Markus Banagl in [2] in an attempt to spatialize Poincaré
duality for singular spaces. The construction of these spaces relies on the notion of spatial
homology truncation also introduced in [2].

Definition 2.0.1. Given a simply connected CW-complex K of dimension n and an integer
k < n. A spatial homology truncation of cut-off degree k of K is a CW-complex tp, K together
with a comparison map

f: th K — K
such that
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H.(K) r<k,

(1) H,.(tyK) = {0 I

The integer k is called the cut-off degree of the homological truncation.

Remark 2.1. Such a truncation always exists provided that K is simply connected and this
truncation is in fact defined over Z and not just overe Q, see [2].

Definition 2.1.1. Let X be a compact, connected, oriented pseudomanifold of dimension n and
denote by ¥ = {o1,...,0,} the singular locus of X. The pseudomanifold X is called supernormal
if the link L; of each singularity o; € ¥ is simply connected.

For simplicity, we denote by SuperVg the set of supernormal complex projective varieties with
only isolated singularities.

For the rest of this paper, we assume that the definition of a supernormal pseudomanifold X
includes the fact that X is a connected pseudomanifold of dimension n (the compactness and
orientability assumptions being automatic since we work in projective spaces CP™).

Before giving our definition of intersection spaces, let us define which cut-off degree we use
with respect to the perversities for the spatial homological truncation. This definition will be
different from the one in [2] and will be more suited to our notion of coperverse cdga we will
introduce in definition 2.3.1.

Let K be a simply connected CW-complex of dimension n and suppose given a perversity p.
We set that the cut-off degree is directly given by the perversity p and we denote it by tz/K.
That is

H.(K) ifr<p
0 if r > p.

(2) H,(tpK) = {

Note that we also swap the strict and non-strict inequalities in the definition. We will use
this convention for the rest of this paper.

By convention we also define t=K = K.

Given a supernormal pseudomanifold X with isolated singularities,

L(Z,X) == Uy, L;

is then the disjoint union of simply connected topological manifolds of dimension n — 1. Denote
by X,eq := X — X the regular part of X. We denote by t?L; the homotopy cofiber of the map

fii tpLi — Lz
‘We have maps
fi: Li — tﬁLi.

Definition 2.1.2. The normal intersection space IPX of the space X is defined by the following
diagram of homotopy pushouts.

L(Z, X)

|

R P —— S IPX
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We shall use this definition of intersection spaces for the rest of the paper. Note that with this
definition we have I*°X = X the normalization of X. We will denote by HIX(X) := H*(I?X, Q)

and by H I5(X) the reduced cohomology. We then have

Q r=20
HIT(X)_ HT(X) 1<r<p
P Y HY (X)) @im H (Xpey) — HY(L) r=p+1
HT(Xreg) r>p+1

In particular, we have HI%(X) = H*(X,eq) and HIZ(X) = H*(X).

Remark 2.2. (1) Our intersection spaces IPX are different from the intersection spaces orig-
inally defined in [2]| since they are not defined as a homotopy cofiber. When there is
only one isolated singularity, there is no difference between the two definitions. Differ-
ences arise only for the first cohomology group when there is more than one isolated
singularity.

(2) This convention also has to be compared at the level of algebraic models with [7], where
a p-perverse rational model of a cone cL on a topological space L of dimension n is given
by a truncation in degree p(n) of the rational model of L. In our case, a rational model
of the intersection space IPcL is then given by a unital cotruncation in degree p(n) of
the rational model of L.

Let’s compute the bounds of the different weight filtrations involved in H I%(X ) for a general
perversity p. Let X be a projective variety of complex dimension n, we denote by

R"(Xyeg, L) :=im H" (X,eq) = H'(L).
We first recall the theorem of Steenbrink about the semi-purity of the link.

Theorem 2.3 ([22, Theorem 6.15 p.150]). Let X be an algebraic variety of dimension n and let
Z C X be a compact subvariety of dimension of dimension s such that X — Z is nonsingular. Let
T* be a deleted neighbourhood of Z in X. Then the mized Hodge structure H"(T*) has weights
<r+1ifr<n-—s and weights >r —1ifr >n+s.

Lemma 2.3.1. Forr <n, R"(X,q4, L) is pure of weight r. For r > n, we have
0=W, CW,41 C--- CWa = R"(Xyeq, L).
Proof. Since dim(X) = 0, applying the above theorem of semi-purity with Z = Yand T* = L

gives the following weights on the cohomology of the link.

e The weights on H"(L) are less than or equal to r for r < n.
e The weights on H"(L) are greater or equal to r + 1 for r > n.

The statement then follows by combining these facts with the following two.

e The filtration 0 C W, C --- C Wa, = H"(Xieg)-
e H"(X,cq) = H"(L) is a morphism of mixed Hodge structures.
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Recall that m stands for the lower middle perversity given here by m =n — 1, n = dimgc X.

We have three cases.

First case: p<m=n—1
1<r<p r=p+1 p+1<r<ni n<r
1 0 |
0 W W |
1 Wy 1
\
l
r—1 W, W,_1 W,-1=0 W,-1=0 : W,-1=0
r W, @ W, W, LW,
r+1 i Wi
l
2r —1 L Wa
2r : Way
H'(X) |H'(X) & R(XepD)| H'(Xne) | H (X
Second case : p=m=n—1
1<r<n-1 r=p+1=n n<r
-1 0 0
0 Wo Wo
1 Wi Wwh
r—1 Wi_1 Wi._1 W,_1=0
r W, W, @ W, =0 W,
r+1 Wit Wi
2r — 1 War—1 War—1
2r Way War
H"™(X) H(X) & R (Xyeg,L) | H (Xyeq)
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Third case : p>m=n—1
1§r§n1n<r§p r=p+1 p+1l<r
-1 0o
0 Wo
1 W
|
l
r—1 Wit (Weei=0|W,_1=0 W,_1=0
r w, W W, © W,=0 W,
rt1 ‘ W Wi
l
2r—1 : War_1 War1
o l W W,
H'(X) 1+ H'(X) | H'(X) © R(Xu0L) | B (Xre)

2.2. Coperverse commutative differential graded algebras and their homotopy the-
ory.

2.2.1. Coperverse cdga’s. Let k be a fixed field of characteristic zero.

Definition 2.3.1. A n-coperverse commutative differential graded algebra over k, coperverse
cdga for short, is a functor

As: P — CDGA.

That is for all perversities p € PP, Ap is a bigraded k-algebra (Ag)keN, together with a linear

n
differential d: A% — Ag"'l and an associative product i: A% X A% — A?'j.
We assume that products and differentials satisfy graded commutativity, Leibniz rules, and are
compatible with poset maps. That is for every p < q in PP we have the following commutative
diagrams.

7 d
(v5,9> ¥p.3) { Ypq  ¥Ppa k k Ypq
Ag % Ay ——— Ag Ap—— Ay

n
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Morphisms of coperverse cdga’s fe: As — Bs are then morphisms of cdga’s { f=s, . . ., fg} such
that the following ladder commutes.

Ppt2,p+1 Yprip Ypp—1 Yp—1p—2
s — —_— — R
Ap+1 AP Apfl
I/ fp+1 I/ fﬁ ‘ fp_l
/ Bp+1 ’ B5 ’ Bp71 ’
S010-5-2,10-5-1 p+1,p wﬁ-,p—l ('Op—l,p—2

Composition is given by the compostion of the vertical arrows.
We denote by He(A, k) := H(As,d).

In other words, a coperverse cdga is a diagram

Pss,2n—2 ¥on—2,2n—3 ¥3,1 P10
A =37 Ay ST 5 A 5 A

where the vertices are cdga’s and the edges are morphisms of cdga’s. The assumption about the
compatibility of the poset maps with the differentials and the products implies that passing to
cohomology gives a coperverse cdga with the zero differential.
H(pgm—aan=3)  H(pz71) H(¢15)

—_ “e e

Hi(A) 25" H(A)

H(vs zn=2
Ho(A) 7= gy :

2n—2

We denote by PPCDGAg the category of coperverse cdga’s over k.
Note that with this definition, we have an extended product over the whole family (Az)zeper.
Indeed, for every p < g in PP, denote by pip 5 the following composition

/,Lﬁ7§: AT) X Ag (¢E;d) Aa X Aﬁ L> Aa

Definition 2.3.2. The map pes defined for allp <G in PP by the above composition is called
the extended product over the family (Ap)pepeor -

Remark 2.4. (1) The following diagram, where T is the twist isomorphism
T(a,b) :== (=1)l9"l(p, a),

commutes. Because of that and for the sake of simplicity, we will then adopt the following
convention. Each time a product Az x --- x Az will appear, we will consider that the
perversities are put in order, that isp < -.. < g in P2P.

AqX.Af““““’AqX.Aq

(2) The extended product s verifies Leibniz rule, is associative and compatible with poset
maps and morphisms of coperverse algebras. That is, for any p <G <7 in P3P we have
the commutative diagram,
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(idﬂ ,U'E,?)
AI*)XAHXA?g’AT)XA?

(15,9, 1d) [ [Mw

Ag X AF

Ka,F A

and for any p1 < p2 < g1 <@z in PP we have the commutative diagram.

Hpr@
_ b N
Apl X Alh q1
Pp1pz X <qu,qz| [@ql,qz
Ap= X Ags Aq
P2 2 pr g 92

Since ppp = p for all p we will always consider the family (Ap)zeper endowed with the
extended product. We then denote a coperverse cdga by (As, pss)-

2.2.2. Homotopy theory of coperverse cdga’s. We now define a model structure on the category
of coperverse cdga’s by using the formalism of Reedy categories. The definitions and results
involving Reedy categories can be found in [16].

First, recall the model structure of CDGAgk. The projective model structure on CDGAy is
given by the following

e the weak equivalences are the quasi-isomorphims,
e the fibrations are the degreewise surjections,
e the cofibrations are the retracts of relative Sullivan algebras.

For n € N, consider the semifree dga’s
S(n) := (Ak[n],d =0)

where k[n] denotes the graded vector space which is k in degree n and 0 otherwise. For n > 1,
consider the semifree dga’s

0 n =0,
D(n) :=
(Ak[n+1] @ k[n]),d=0) n>0
and write
in: S(n) — D(n)
for the morphism that send the generator of degree n to the generator of degree n. If n = 0 then
this is the unique morphism 0 — 0, and for n > 0, put

Jn: 0— D(n).
Proposition 2.4.1. The sets I := {in}, U {S(0) — 0}, and J := {jn}tn>0 are the sets of

generating cofibrations and acyclic cofibrations, respectively, of CDGAg. The category CDGAy is
then cofibrantly generated.

Before talking about Reedy categories, note that we have an exact evaluation functor
Evg: PPCDGAx — CDGAy

that send As to Ap, this functor admits an exact left adjoint F; defined by F(A)g = Aifp <gq
and zero otherwise.
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Definition 2.4.1. Let C be a small category and C' C C a subcategory. The subcategory C' is
said to be a lluf subcategory if the objects of C' and C are the same.

Definition 2.4.2 (Reedy category). Let C be a small category together with a degree function

%
deg: C — N deﬁn(e_d on the objects and suppose that we have two lluf subcategories ? and C .
We say that (C, ?, C) is a Reedy category if the two following conditions are satisfied.

(1)
2)

If a: ¢ — ¢ is a non-identity map in ¢ (resp. in ?} then deg(c) < deg(c) (resp.
deg(c) > deg(c)).

Every map « in C has a unique factorization

a =dol
=
o e

)

atal o)

)

Example 2.1. (1) A discrete category C, i.e. a category where C(z,y) = {id,} if and only

2)

if £ = y and the empty set otherwise, is a Reedy category where all the objects are of
degree 0.

Let P be a finite poset. We define every minimal object to be of degree 0 and we define
the degree of an object p € P to be the length of the longest path of non-identity maps
from an object of degree zero to p. If we have p — p’ with p # p’ then necessarily we
have degp < degp’. The poset P is then endowed with a structure of Reedy category

with
{7_3’ — P,

P o= Disc(P).

where Disc(P) is the discrete category underlying the poset P, every objects of Disc(P)
are of degree 0.

For every Reedy category C there exist subcategories C. of objects of degree strictly smaller

than k.

Consider ¢ € C with degc = k.

Denote by 7< 1/ c the slice category of €<k over the object c. The objects are the morphisms

in C . with codomain ¢, a morphism from f: a — ¢ to f': @’ — ¢ is a morphism ¢g: a — a’ €

< <
<k such that f' o g = f. By duality, denote by ¢/ C < the coslice category of C < under c.

Denote by 9(C </c) and 9(c/C <) the two full subcategories of respectively ?<k/c and

¢/ C <k where we have removed the identity_ object ¢ — c.
For both categories 8(?<k /¢) and 9(¢/ C <) there is the forgetful functor

U,: 3(ﬁ<k/c) —C,
U.: 8(c/C <) —C,

which sends an object to its codomain, respectively domain, ¢ and sends any morphisms
g:a—ad tog: a—a €C.

Let M be a model category and let F': C — M a functor which we suppose covariant, we
have the two objects and maps.

where

e(‘F

L°F =5 F(c) ™% M°F,

LEF = colim(9(C <x/¢) 25 ¢ £5 M),
MCF :=1im(3(c/ C <) 2= ¢ 15 M).
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Definition 2.4.3. The objects L°F and MCF are respectively called the c-th latching and c-th
matching objects. The maps ¢, p and mq r are then the c-th latching and c-th matching maps.

Denote by Fun(C, M) the category of functors between C and M. Given a natural transfor-
mation ¢: F — G in Fun(C, M), we define the c-th relative latching map as the dashed arrow
in the following diagram of pushouts.

EC,F
L°F F(c)

Lo

LG

We define the c-th relative matching map as the dashed arrow in the following diagram of
pullbacks.

M°F

Me<op

Me.c MG

Theorem 2.5 ([16], 5.2.5). Let M be a model category et let C be a Reedy category. Then there
is a model category on Fun(C, M) such that :

(1) the weak equivalences are defined pointwise,
(2) the cofibrations are the maps F — G such that each relative latching map

LG H F(c) — G(e)

is a cofibration in M,
(3) the fibrations are the maps F — G such that each relative matching map

F(c) — G(c¢) Xppeq MF
is a fibration in M.

We now apply this result to our context. We endow PSP with the structure of a Reedy category
defined in the item 2 of the last example.
Let As: P — CDGAk be a coperverse cdga and p € P2P such that degp = k. We have

LP Az := colim(9(PZ, /p) r, por A, M) = colimp5 A5

and
MP Ag = lim(9(p/Disc(P)) 5 PP 2% M) = 0.
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Computing the relative latching and matching map we get the following result.

Theorem 2.6. The category PPPCDGAy has a structure of a cofibrantly generated model category
which we call the projective model structure. In this model category, the weak equivalences are
the quasi-isomorphisms and the fibrations are the surjections.

Proof. The computations of weak equivalences and fibrations are clear.

The fact that PPCDGAy is cofibrantly generated comes from [16, Remark 5.1.8], the gen-
erating cofibrations are the {F5(i)};crpeper and the generating acyclic cofibrations are the
{F5(J) }icspeper where I and J are the sets defined in Proposition 2.4.1. O

For clarity, we give the following definition as a result of the previous theorem.

Definition 2.6.1. Let fe: As — Bs be a morphism of coperverse algebras. The morphism fs
18
(1) A quasi-isomorphism if, for every perversity p € PpP, the induced map Hy(A) — Hy(B)
s an wsomorphism.
(2) A fibration if, for every perversity p € PP, the induced map fp: Ay — By is a degreewise
surjection.

We denote by Ho(P?P?CDGAK) the homotopy category associated to the model category struc-
ture on PoPCDGAk. That is the category defined by formally inverting quasi-isomorphisms.

Remark 2.7. There are many ways to put a model structure on P;PCDGAg. Indeed the cate-
gory CDGAy also has an injective model structure where the weak equivalences are the quasi-
isomorphisms and the cofibrations are the injections and we could have chosen this model struc-
ture to do the computations.

On the other hand we could have chosen the projective or injective model structure on
PrPCDGAK coming from CDGAg rather than doing computations using Reedy categories. But
since CDGA( is a combinatorial model category all the ways mentioned above are guaranteed to
be Quillen equivalent to the projective model structure on PPCDGA.

By the way, all these model structures share the same weak equivalences.

3. COPERVERSE RATIONAL MODELS

3.1. Coperverse cdga’s associated with a morphism of cdga’s. The tools in this section
are modified versions of the ones appearing the work of Chataur and Cirici [5] on the interactions
between intersection cohomology and mixed Hodge structures.

Let (A,d) € CDGAx. We denote by k(t,dt) := A(t, dt) the free cdga generated by t and dt
with degt = 0, degdt = 1 and d(t) = dt.

Definition 3.0.1. We denote by A(t, dt) := AQykk(t,dt). For A € k we also define the evaluation
map
Ox: A(t,dt) — A
by 0x(t) = A and dx(dt) = 0.
For all » > 0, we have the following short exact sequence

0 — kerd” — A" — Coimd" — 0

where Coimd" := A" /kerd”. Denote by s,: Coimd" — A" a choice of section. For all r > 0,
we denote by Cz:=im s,, the differential d" induces the isomorphism Gz — im d".
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Definition 3.0.2. The unital p-cotruncation of A(t,dt) is defined by
LAt dt) == A" @ EPA(L, dt),
where EPA(t, dt) is defined by

AT @ kt]t & A™! @ klt]dt r<p
EPA(, )" = AP @k[t]ldt D AP @ k[tt @k r=p
ATt @ k[t]dt & A” @ k|t] r>p

Lemma 3.0.1. £ A(t,dt) is a coperverse cdga.

Proof. Consider first P A(t,dt). Since EPA(t,dt) C A(t,dt) and A(t,dt) is the tensor product
of two cdga’s, we define the product and differential as the ones induced by restriction. Given
x,y € A, and P(t),Q(t) polynomials, the algebra structure is defined by

(@@ P®t) (yoQ)t) = (-1)¥aye PH)Q(HE,
(@ P)t) - (yoQt)d) = (-1)¥ay® P(6)Q(1)tdt,
(z @ P(t)dt) - (y @ Q(t)dt) =0,
(z @ P(t)) - (y©1) = (~1)Way @ P(t)t,
(x® P(t)dt) - (y® 1) = (=1)Wlzy @ P(t)dt.
The differential is given by
d(x ® P(t)t) = d(z) ® P(t)t + = ® P'(t)dt,
d(x ® P(t)dt) = d(z) ® P(t)dt,
dz®1)=d(z)®1

The compatibility of &PA(t,dt) with the differential d(PA(t,dt)) C EPA(t,dt) and product
EPA(t, dt) x EPA(t,dt) — EPA(t,dt) is then clear by definition.

We detail the compatibility with the poset maps. By unicity of the maps yp g, every ypg is
a composition of poset maps CRr1E SO We only detail these ones. We have

A" @ k[tlt @ A" @ k[t]dt r<k+1
At dt)" = { AF @ K[f]dt & AM @[]t ® Gy ©k =k +1
ATl @ k[t]dt ® A" @ Kk|t] r>k+1
and
A" @k[tlt @ A" @ k[t]dt r<k
ERA(t, dt)" = { AL @ k[t)dtd A* @ K[Htd Crek r=k
ATt @ kt)dt & A” @ kt] r> k.

Forr<korr>k+1, CriE I8 the identity map. For r = k, we have
AP @ k[tlt® AF T @ k[t)dt - AF T @ k[tdt @ AF @ k[tlte CGzok
and ¢z 7 defines a monomorphism. For 7 =k + 1, since AL Qk[t] = Al @ k@ AFH @ ki)t
¢371 % is also a monomorphism.
Now for fEA(t,dt) = AY @ P A(t,dt) the compatibility with the differential and the poset

maps is clear by the same arguments as above. The product §§A(t, dt) x éﬁA(t7 dt) — fiA(t, dt)
is also clear by construction. ([l
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Let now f: A — B be a morphism of cdga’s. Given a perversity p € PP, we consider the
following pull-back diagram in the category CDGAy.

T (f) ¢ B(t,dt)
| o
A B

Proposition 3.0.1. The pullback Js(f) is a coperverse cdga.

Proof. By Lemma 3.0.1 £$ B(t, dt) is a coperverse cdga. Thus for each perversity p & B(t, dt) is
a cdga. The category of cdga’s over k being an abelian category, the pullback J5(f) is a cdga
for each perversity. By definition, the product and the differential are defined component-wise.

Since Ok s either the identity or a monomorphism, the following diagram commutes for
any perversities.

f J —
A B - PIB(¢, dt)
| | K
A B P B(t,dt
f (51 f—i— ( ) )
Taking pullbacks on each row define the associated poset maps J51(f) = J5(f)- O

Definition 3.0.3. J5(f) is the coperverse cdga associated to the morphism of cdga’s
f: A— B.

Note that, due to the fact we have to chose a section to define &7 A(t,dt), €3 and Js(—) does
not define functors
CDGAx — P PCDGAK.

However, we are still able to define some sort of covariant assignment for morphism.

Proposition 3.0.2. Let f: A — B be a morphism of cdga’s, then there exists a morphism of
coperverse cdga’s fe: S A(t, dt) — S A(t, dt).

Proof. Fix P a perversity. Denote by s4: APT1 — AP and sp: BP*! — BP choices of sections,
then C5(A) := ims4 and G5(B) := imsp. Define f;: G5(A) — Gz(B) to be the composition
fs :=spo foda, then by definition, the following square commutes.

da

Cp(A) ——— Art!

| L

Bpr+1
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The following cube is then commutative.

C—1(A) APF?

/ \ / -

Js’ Apt2
4‘% 4‘7& p+2
p+1 B

Br+1 Bp+2

Extend now f into fs: £LA(t, dt) — £ B(t,dt) by defining
Jpic 0k = fs ®1,
r=fel otherwise.

The commutativity of the two diagrams above implies that fs is a morphism of coperverse
cdga’s. ([

This construction of course needs a choice of sections. However, if f is a quasi-isomorphism,
since H?(Cy) = 0 then fs is a quasi-isomorphism of coperverse cdga’s.

Corollary 3.0.1. Let f: A— B and g: B — C be morphisms of cdga’s, then (go f)s = gso fs.

Corollary 3.0.2. Let

Al Bl
hi ha
A2 BZ

g

be a commutative square of cdga’s. Then there exists a morphism of coperverse cdga’s
Js(h): Fe(f) — Fa(9).

Definition 3.0.4. Let (As, piss) be a coperverse cdga and r € Z. We say that (As, piss) is a
r-sharp coperverse cdga if the product satisfies the two following conditions

(1) Unity. Forp#0 and i,j # 0 the product lifts to
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(2) Factorization. For p,q+# 0 and i, # 0 the product lifts to

i+J
v ptagtr

-
-

- Ppratra

-

e Hpg L
i J T At
Ap X Aq Aq

We assume that this lift satisfies all the properties of the product p. That is Leibniz rule with
respect to the differential, graded commutativity and compatibility with poset maps and morphisms
of cdga’s.

Lemma 3.0.2. £ A(t,dt) is a (—1)-sharp coperverse cdga.

Proof. First, let’s start with the following observation. Given a perversity p, each of the
ff_A(t,dt) are defined in the same way. We have a contractible part, which we will denote

by Con(A) for the rest of the proof, and which is a common part to all the ng(t, dt).

A% AY @ Kk[t]t r=0,

Con(A)" .=
on(4) {A*—l @ kltldt ® A" @ k[t]t r > 0.

The other part of §§A(t, dt) is the cotroncated part, which we will denote by Cotr?(A) for the
rest of the proof, which differs between the &7 A(t, dt).

0 r<p,
Cot’(A)" == Gk r=np,
ATk r>p.

In other words, we have §§_A(t, dt) = Con(A) @ CotrP(A).
By the product and differential defined in Lemma 3.0.1, Con(A) is a sub-cdga of £ A(t, dt).
Moreover, for any perversities 7, Con(A) is a Cotr?(A)-algebra by definition of the product.

, o " P(t)t) - 1 = (—1) P(t)t
Con(A)i x CotrP(A) — Con(d)its ¢ (= ELWD e l) == (1) e P},
(z® Pt)dt) - (y®1) = (—1)Yzy® P(t)dt.
We check the unity property. Given Cotr?(A) with 7 # 0 and CotrG(A). We have a Cotra(A)—
algebra structure on Cotr?(A) which directly derives from the algebra structure on the cdga A,
i.e. we have

Cotr?(A)' x Cotr®(A) — CotrP(A)H (z@1)-(y®1) = (-1 ay® 1.

Indeed, since p # 0 then z is at least of degree p > 1. If j > 1, then (—1)72zy ® 1 is of degree at
least p + 1, thus (—1)72y ® 1 € Cotr”(A).

This external algebra structure is given by the algebra structure on A. By construction, the
poset maps are monomorphisms and are compatible with the algebra structure on A. The unity
property then follows.

We now check the factorization property. Given Cotr”(A) and Cotr?(A) with p,g # 0 and
1,j # 0, we again have en external product given by the algebra structure on A defined in the
same way that previously.

Cotr?(4)' x Cotr(A) — CotP™ (A (z@1) (y© 1) = (~1Vry @ 1.
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Indeed, since ¢ = |z| > p and j = |y| > ¢ and due to the different choices of sections we cannot

have C; x Cz — Crz. However, we naturally have (—1)72y @1 € Cotr?TI 1 (A)iH = AT @ k.
Once more, this external algebra structure is given by the algebra structure on A. By con-
struction, the poset maps are monomorphisms and are compatible with the algebra structure on

A. The factorisation property then follows. O

Corollary 3.0.3. Let f: A — B be a morphism of cdga’s, then Js(f) is a (—1)-sharp coper-
verse cdga.

Remark 3.1. Coperverse cdga’s are meant to model the rational cohomology of intersection
spaces H Iﬁk(X ). Since the IPX are topological spaces their cohomology bears an inner cup-
product which is reflected in the definition of the coperverse cdga’s. The lift is here to show the
interactions between the different H Iﬁk (X).

3.2. Coperverse rational model of intersection spaces.

Definition 3.1.1 (Algebraic neighbourhoods [20, p.144], [14]). (1) Let X be a complez al-
gebraic variety and Z C X a closed compact algebraic subset which contains the singular
locus ¥ of X. An algebraic neighbourhood T of Z in X is defined as T = a~([0,6])
where § > 0 is sufficiently small and « is a proper non-negative real algebraic function
on a neighbourhood of Z in X with a=*(0) = Z.

(2) A deleted neighbourhood of Z in X is defined as the complement of Z in an algebraic
neighbourhood T of it in X.
(3) The boundary of an algebraic neighbourhood of Z in X is called its link.

Let X € SuperVc of complex dimension n, we denote by X the singular locus of X. Let T be
a closed algebraic neighbourhood of the singular locus in X, the inclusion ¥ C T is a homotopy
equivalence. The link L := L(X, X) of ¥ in X is then defined by L := 9T ~T* :=T — X. The
inclusion i: L < X4 of the link into the regular part of X induces a morphism of cdga’s over
Q
i APL(Xreg) — APL(L).

Proposition 3.1.1. Let p € PP be a perversity, the rational model of the normal intersection
space IPX is given by Al;(X) := J5(i*), which is the following pull-back diagram.

TIp(i*) &8 ApL(L)(t, dt)
o
Ap (Xyeg) — 5 ApL(L)

7

Proof. Rational models being defined up to quasi-isomorphism, we need to show that this model
is quasi-isomorphic to the one given in [18, Proposition 2.3.4]. Let’s recall the construction for
a space X € SuperVc with one normal isolated singularity. If X has more than one isolated
singularity, first normalize it. Then ¥ = {o1,...,0,}, L = U;L; and the following construction
is then done separately for each singularity of X.

The only difference is in the models of the cotrunctation we use. Given Ap| (L) as a rational
model of the link, the rational model for the cotroncation of a link in [18] is the following one.

Q& Iyp) = Q& Chp) @ ApL(L)=HP)
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Where the cut-off degree k(p) is defined as k(p) := n—1—p and Cy,5) is a supplement of ker drk®,
If § denotes the complementary perversity of p, then k(p) =g+ 1 and

Q r =0,
H"(I3)) =40 1<r<g,
H'(L) r>g+1.

Let’s define a quasi-isomorphism Q @ I3 — €§_AP|_(L)(t, dt). By hypothesis X € SuperVg,
thus the link L is connected, i.e. the inclusion e: Q < Ap (L) induces and isomorphism
Q = H°(L). The morphism

st (Q@ L)' — ELARL(L)(t, dt)’
defined by

¢(z):=x®1 otherwise.

{5: Q— A°  ifi=0,

is then a quasi-isomorphism.
The following diagram commutes.

sk

7
ApL(Xreg) — ApL(L) QS Ik

| | g

ArL(Xrey) 5 An(L) —5—— 1AL (L) (1,1

Taking pullbacks on the rows defines a quasi-isomorphism

ApL(Xreg) Dap(z) (Q © Tk(p)) — Tg(i").
By [18, Proposition 2.3.4], ApL(Xeq) @ap (r) (Q ® Ii)) is a rational model of the normal
intersection space I9X. Thus, J7(i*) is also a rational model of I7X. O

By construction, J&(i*) defines a coperverse cdga which we denote by Al(X) := Js(i*).

Definition 3.1.2. The coperverse cdga Als(X) is called the coperverse rational model of the
intersection spaces I°X .

If As is a coperverse cdga, its cohomology is also a coperverse cdga. We then have the
following proposition.

Proposition 3.1.2. HIX(X) is a coperverse cdga.

We have an isomorphism of coperverse cdga’s H*(Al(X)) = HIZ(X).

If we only consider the coperverse rational model of X € SuperV¢, we then have that AlG(X) is
a (—1)-sharp coperverse cdga by Corollary 3.0.3. But if we only want to consider the cohomology
coperverse algebra HIX(X), we have an even sharper result.

Proposition 3.1.3. Let X € SuperVc with only isolated singularities. Then (HIX(X),0) is a
1-sharp coperverse cdga. That is we have
718 77 7 i+
{Ila(X) ® Iflﬁ(X) — IAi:Iﬁ (X)
HI%(X)@HI%(X)—)H (X) p+g+1<2n-2.

IH—j
ptq+1
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Remark 3.2. It is important to make a difference between the extended product uss and the
property of sharpness. The existence of the extended product is a consequence of the definition
2.3.1 and as such every coperverse cdga defined in the same way naturally has an extended
product.

The property of sharpness of our coperverse algebras defined in 3.0.3 is a consequence of our
methods of construction. There might be coperverse algebras which do not have any property
of sharpness, but still have an extended product.

4. HODGE THEORY

4.1. Coperverse mixed Hodge algebras. We now put mixed Hodge structures on the cop-
erverse rational model of X € SuperVc.

Definition 4.0.1. A coperverse filtered cdga (As, W) is a coperverse cdga As together with a
filtration {W,, A} mez such that
(1) W14 C Wi Ap and d(W,, Ap) C W, Ap, for allm € Z and all D € Py,
(3) WAy C Wy, Az for allp <q in P2P,
(4) The filtration W is exhaustive and biregular : for all n > 0 and all p € P°P there exist
integers m and [ such that W,,LAg =0 and WlA% = A%.

Definition 4.0.2. A coperverse mized Hodge cdga over Q is a coperverse filtered cdga (As, W)
with a filtration F' on As ® C such that for allm >0 and allp € PP,
(1) the triple (A7, Dec(W), F') is a mized Hodge structure,
(2) the differential d: A% — Agﬂ, the product p: A% X A% — A?'j and the poset maps
Ypg: A% — Ag are morphisms of mized Hodge structures.
The filtration W is called the weight filtration and the filtration F is called the Hodge filtration.
We will denote, by an abuse of notations, such a mixed Hodge cdga by the triple (As, W, F)
with in mind the fact that F' is not defined on Ag but on its complexification As ® C. The

filtration Dec(W) is Deligne’s décalage of the weight filtration defined in [9, 15] which is given
by

Dec(W,) A% := Wy_p, AZ N d™H(W,_,_ AZTH).

Lemma 4.0.1. Let (A5, W, F) be a coperverse mized Hodge cdga, then the extended product yis s
is a morphism of mized Hodge structures.

Definition 4.0.3. A coperverse filtered cdga (As, W) is said to be r-sharp if As is a filtered
coperverse cdga such that the lift is compatible with the filtration {W,, As}mez. That is we have
the two following conditions

(1) Filtered unity. Forp# 0 and i,j # 0 the product lifts to

Wm +n A?—J

-7 $p,0

W n AgH
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(2) Filtered factorization. For p,q# 0 and i, # 0 the product lifts to
it+j
 Wnin A

-7 Pptatrg

Wi AL x WnA%

i+j
WernAa

Definition 4.0.4. A r-sharp coperverse mized Hodge cdga over Q is a coperverse mized Hodge
cdga (As, W, F') such that the lift is a morphism of mized Hodge structure.

Consider Q(t,dt) together with the béte filtration o, that is the multiplicative filtration with
t of weight 0 and dt of weight —1. We endow C(t, dt) := Q(¢,dt) ® C with the béte filtration o
and the trivial filtration ¢, that is decreasing filtration given by

0 = t'C(t,dt) C t°C(t,dt) = C(t,dt).

Since Dec(c) = t the triple (Q(t,dt), o,t) is a mixed Hodge cdga.
Given another mixed Hogde cdga (A, W, F), since the category of mixed Hodge structure is
abelian the triple
(A(t,dt), W 50, F 1)
is again a mixed Hodge cdga where the filtrations are defined by convolution. That is we have

(W % 0)mA(t,dt)" == W, A" @ Q[t] @ W, 1 A" @ Q[t]dt

and
(Fxt)*A(t,dt) == FFA ® C(t,dt).

The evaluation map 9§ is strictly compatible with filtrations.

Lemma 4.0.2. Let (A,W,F) be a mized Hodge cdga. Then for all p € P, L A(t,dt) is a
(—1)-sharp mized Hodge cdga.

Proof. The triple (A(t,dt), W x o, F = t) is a mixed Hodge cdga, for all p € PP, §§A(t,dt) isa
sub-algebra with the filtrations induced by restriction.

The differential is a morphism of mixed Hodge structures since the differential on (A(t, dt), W
o, F «t) is and d(&] A(t, dt)) C €7 A(t, dt).

The poset maps Crrig k > 0, are the identity everywhere but at the cut-off degree k and
k +1 where they are monomorphisms, @777 ¢ in then compatible with both filtrations and by
composition so are the ¢p 3.

The extended product &} A(t,dt)’ x €L A(t, dt)? — €L A(t,dt)"*7 being defined as the compo-
sition of © with poset maps ¢p g, it is a morphism of mixed Hodge structure.

The sharpness comes from the fact that &% A(t,dt) is (—1)-sharp and that the product is a
morphism of mixed Hodge structure. O

Let then f: (A, W, F) — (B,W, F) be a morphism of mixed Hodge cdga. Since the category
of mixed Hodge structures is abelian, see [9, Theorem 2.3.5], we have the following proposition.

Proposition 4.0.1. The coperverse cdga Js(f) is a coperverse mized Hodge cdga.
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4.2. Mixed Hodge structure on the coperverse rational model of the intersection
spaces 1°X.

Definition 4.0.5 ([8]). A mized Hodge diagram of cdga’s over Q consists of a filtered cdga
(Aq, W) over Q, a bifiltered cdga (Ac, W, F) over C, together with a string of filtered En -quasi-
isomorphisms from (Aq, W) ® C to (Ac,W). In addition, the following axioms must hold:

o The weight filtrations W are regular and exhaustive. The Hodge filtration F' is biregular.
The cohomology H(Aq) has finite type.

e For all p € Z, the differential of ngV(Ac) 18 strictly compatible with F.

e For alln > 0 and all p € Z, the filtration F induced on H"(gr;V(Ac)) defines a pure
Hodge structure of weight p +mn on H"(grgV(Aq)).

Morphisms of mixed Hodge diagrams are defined by level-wise morphisms of bifiltered cdga’s
such that the associated diagram is strictly commutative. Forgetting the multiplicative structure
gives back the notion of mixed Hodge complex defined by Deligne in [10, section 8.1].

Definition 4.0.6. Let X be a topological space. A mixed Hodge diagram for X is a mizxed Hodge
diagram M (X) such that M(X)q ~ Api(X). That is, its rational component is quasi-isomorphic
to the rational algebra of piecewise linear forms on X.

The following theorem is an analog in the intersection spaces case of [5, Theorem 3.10] stating
that the intersection homotopy type of a complex variety X with only isolated singularities
carries mixed Hodge structures.

Theorem 4.1. Let X € SuperVc of complex dimensionn. There exist a coperverse mized Hodge
cdga M Ig(X) together with a string of quasi-isomorphisms

such that :

(1) MIR(X) = J&(i) where I: M(Xyeq) = M(L) is a model of mized Hodge cdga’s for the
rational homotopy type of the inclusion i: L — X, 4.
(2) There is an isomorphism of coperverse mized Hodge cdga’s

H*(MIs(X)) = HIE(X).

(3) The mized Hodge cdga’s MI5(X) and MIss(X) defines respectively the mized Hodge
structure on the rational homotopy type of the regular part X,eq of X and on the nor-
malisation X of X.

(4) The differential of MIs(X) satisfies d(W,MIs(X)) C W1 MI(X).

Proof. The proof is similar to [5, Theorem 3.10]. By [15, Theorem 3.2.1], there is a morphism
of mixed Hodge diagrams M (X,eq) — M(L) induced by the inclusion i: L — X,.,. The
rational component of this morphism is the morphism *: Ap (X,eq) — Api(L) of rational
piecewise linear forms induced by the inclusion i: L < X,.,. By [8, Theorem 3.19], there is a
commutative diagram of mixed Hodge diagrams
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M(Xyeq) ——— M(L)

where the vertical maps are quasi-isomorphisms and ¢ is a map of mixed Hodge cdga’s whose
differential satisfies d(W}) C Wp_1. We then let MI3(X) := JF&(f). Combining corollaries 3.0.1
and 3.0.2 imply that the above commutative diagram defines a string of quasi-isomorphisms from

Let now show that MI5(X) is a coperverse mixed Hodge cdga. Consider the mixed Hodge
cdga M (L)(t, dt) defined as in Definition 3.0.1. Then &} M(L)(t, dt) is a complex of mixed Hodge

structure for every perversities p € ’ﬁ\nop. The product
PM(L)(t,dt) x LM (L)(t, dt) — €L M(L)(t, dt)
and the poset maps
& M(L)(t, dt) — €L M(L) (¢, dt)

for p < @ € PSP are strictly compatible with filtrations. Since the category of mixed Hodge
structures is abelian, for each n > 0 and each p € P2, the vector space M I5(X)™ carries a mixed
Hodge structure. The compatibility with product and poset maps is a matter of verifications.
This proves the first three properties.

The differential on M Iz(X) being defined via the pull-back of cdga’s whose differential satisfies
d(W,) C W,_1, this also holds for M Iz(X). O

From this result we can deduce the two following product structures.

Corollary 4.1.1. Let X € SuperVc with only isolated singularities, then the family { M I5(X)} )
is a (—1)-sharp mized Hodge coperverse cdga.

Corollary 4.1.2. Let X € SuperVc with only isolated singularities, then the family of algebras
{HIS(X)’ HIZ(X),..., HI— (X)} is endowed with a product

2

{Eng(x) © HIJ(X) — HI7(X)

7 18 J 7 7o+ _
HIﬁ(X)®HI§(X)—>HIm(X) p+q+1<2n—2.

This product is a morphism of mized Hodge structures.
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Due to the method of construction of the coperverse mixed Hodge cdga M Is(X), we have the
following commutative diagram of mixed Hodge cdga’s.

z 01

M(X,eq) M(L) EFIM(L)(t, dt)

Pr+1k

M(Xyeg) —— s ML) — 2 Ep(Lt, 1)
0 0 M(L, k)

Where each elements of the last row is the quotient of the previous elements in the same column.
That is, M(L, k) is the mixed Hodge cdga quotient such that H'(M(L,k)) = H*(L) for i = k
and zero otherwise. Taking the pullback on each rows we then have a short exact sequence of
mixed Hodge structure

0 — ME(X) — MI(X) — M(L,k) — 0.

This short exact sequence induces a long exact sequence of mixed Hodge structure and extends
to arbitrary perversities. That is, we have the following result.

Corollary 4.1.3. Let X € SuperVc with only isolated singularities and two perversities
p<geP,”.
We have a long exact sequence of mized Hodge structures
i i i i+1
o= HI(X) — HI(X) — H'(M(L,q,p)) — HI; (X)—---

where
HY(L) q<i<p,

HY(M(L,q,p)) =
(M(Lq.p)) {O otherwise.

5. WEIGHT SPECTRAL SEQUENCE
Let (B, W, F) a mixed Hodge cdga, then (B(t,dt), W * o, F x t) is again a mixed Hodge cdga
where the filtrations are given by
(W % 0)mB(t,dt)" := W,,B" @ Q[t] & W,,,1B" ™ @ Q[t]dt
and
(F xt)*B(t,dt) .= FFB @ C(t,dt).
The graded subspace associated to the the weight filtration is then given by
gty 7 (B(t,dt)") = grpy, (B") © Q[t] @ gryn 1 (B" 1) @ Q[t]dt.
Given a mixed Hodge cdga (B, W, F), we have a cohomological weight spectral sequence
E(B,W) whose E; page is defined by
EPI(B,W) := HPT(ge™V (BPT9)).

The spectral sequence associated to a coperverse filtered cdga (As, W) is compatible with the
multiplicative structure. Thus, for all » > 0, The term E,(As,W) is a coperverse bigraded
algebra with differential d,. of degree (r,1 —r).
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Lemma 5.0.1. Let (B,W,F) a mized Hodge cdga, we have a canonical isomorphism of differ-
ential bigraded algebras

Eqi(B(t,dt), W x0) =2 E1(B,W)(t,dt).
Lemma 5.0.2. Let f: (A,W,F) — (B,W, F) be a morphism of coperverse mized Hodge cdga’s.
There is a quasi-isomorphism of coperverse differential bigraded algebras
E\(Ts(f), W) = Fe((EL(f,W))).
Proof. The proof is similar to [5, Lemma 3.7] unless for the map
E1(ELB(t,dt),W o) = £ EL(B,W)(t,dt)

which is not an isomorphism but a quasi-isomorphism. ([

Lemma 5.0.3. Let (As, W, F) be a coperverse mized Hodge cdga such that
d(WpAs) C Wy_14s.
There is an isomorphism of complex coperverse cdga’s
As® C = E1(As® C, ).

Proof. The proof is is the same as the proof of [5, Lemma 3.4] for perverse mixed Hodge cdga’s.
O

Let (A, W) be a filtered cdga of finite type over a field k and k C K a field extension. By
[8, Theorem 2.26] we have that A = E,.(A, W) if and only if A®x K = E,.(A ®x K,W). For a
coperverse cdga of finite type the same proof is valid. This implies the isomorphism of Lemma
5.0.3 descends to an isomorphism over Q.

Let X € SuperVc of complex dimension n. The inclusion ¢: L < X,¢4 of the link into the
regular part induces a morphism of multiplicative weight spectral sequence

Eq(i): E1(Xyeg) — E1(L).

We define

EL+(X) = Je(EL1(i")).
This is a coperverse differential bigraded algebra whose cohomology satifies

EI5(X) := H™*(EL 5(X)) = gr’ (HI(X)).

Definition 5.0.1. Let X € SuperVc of complex dimension n. The spectral sequence El; (X)
defined by

EL 3(X) = Je(E1 (7))
is called the coperverse weight spectral sequence associated to X .

In [5, Theorem 3.12|, Chataur and Cirici prove the existence of a quasi-isomorphism between

the rational perverse model I Ag(X) of a complex projective variety with only isolated singular-

ities and the first term of its perverse weight spectral sequence IFE; 5(X). This theorem as an
analog in the intersection spaces case.

Theorem 5.1. Let X € SuperVc with only isolated singularities. There is a string of quasi-
isomorphisms of coperverse cdga’s from MIg(X)® C to EI, 5(X) ® C. In particular, there is
an isomorphism in Ho(PPCDGAc) from AL(X) ® C to EI s(X) ® C.
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Proof. The proof is similar to [5, Theorem 3.12].
Let (MI(X), W, F) be the coperverse mixed Hodge cdga given by Theorem 4.1. Since the
differential satisfies

dWyMI(X)) C W1 ML(X)
by Lemma 5.0.3 we have an isomorphism of complex coperverse cdga’s
MEBX) C2Ei(MLE(X)® C,W).
By construction, we have M I5(X) := Js(7), where
B (M(Xreg), W, F) = (M(L), W, F)

is a morphism of mixed Hodge cdga’s which computes the rational homotopy type of
t: L = X,eq. Thus by Lemma 5.0.2 we have a quasi-isomorphism of coperverse cdga’s

E\(MIi(X),W) — Js(E (1, W)).

It remains to note that we have a string of quasi-isomorphisms from Js(E1(f)) to
Ell,i(X> = ji(E]_(Z*)) U

Remark 5.2. Suppose we have a topological space X such that its rational model is endowed with
an increasing filtration W, then one can consider the associated spectral sequence E;(X,W).
The existence of a string of quasi-isomorphisms between the rational model of X and the first
page F1(X,W) is called the F;j-formality and is a property of complex algebraic varieties, see
[8] and [6]. It is an interesting result that the intersection spaces of complex projective varieties
have this property although they are not algebraic varieties.

Definition 5.2.1. Let X be a compact, connected oriented pseudomanifold of dimension n with
only isolated singularities. We say that X is a El,.5-formal topological space if its coperverse
rational model Ale(X) can be endowed with an increasing bounded filtration W such that there
exists a string of quasi-isomorphisms between Als(X) and the r-th term of its associated spectral
sequence EI. (X, W).

With this definition, Theorem 5.1 can be rephrased in the following corollary.

Corollary 5.2.1. Let X € SuperVc with only isolated singularities. The space X is E1; s-formal
with respect to the weight filtration.

5.1. The case of a smooth exceptional divisor. The coperverse weight spectral sequence
always exists as long as X only has isolated singularities. In the case where X admits a resolution
of singularities with a smooth exceptional divisor, we can have an explicit description of this
spectral sequence.

5.1.1. Notations. Let X be a complex projective variety of complex dimension n with only
normal isolated singularities. We denote by ¥ = {o1,...,0,} the singular locus of X and by
Xyeg = X — X its regular part. We also denote by L := L(X, X) the link of ¥ in X and by
i: L — X4 the natural inclusion of the link into the regular part.

Since ¥ is discrete, we can write L as a disjoint union L = U,, L; where L; := L(0;, X) is
the link of o; € ¥ in X. The assumption that X is normal implies that L; is connected for all
o; € 2.
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From now on, we will always assume X admits a resolution of singularities

p—4J .5

|l

Y X

such that the exceptional divisor D := f~!(¥) is smooth.
We denote by

j¥: H*(X) — H*(D) and 7*: H*2(D) — H*(X)

the restriction map and the Gysin map induced by the inclusion j.
For all £ > 2 we also denote by

k ~ -k
jf: H**(D) = H*(X) <= H"(D)
the composition of the two maps.

The morphism Ej(i*): E}"(X,ey) — E}"(L) of weight spectral sequence induced by the
inclusion i: L < X4 is defined by the following commutative diagrams.

S

BT (Xpeg) — 5 B0 (X))  HOX(D) —— HY()
Ell’s(i*)[ |E§=S(i*) = id| {js
By (L) ———— B(L) HH(D) 5 H(D)

The algebra structure on E}""(X,4) is given by the cup product of H*()?), together with the
map

H*(X)x HY(D) — H"™(D)
(‘T7 Cl) — ]b(ﬂf) - a.

This algebra structure is compatible with the differential v because v(j*(z) - a) = z - y(a).
The non-trivial products on E;"*(L) are the maps

EY(L) x BT (L) — E7**(L) re{0,1},5,5 >0

induced by the cup-product on H*(D).
The coperverse weight spectral sequence EI; 5(X) := Js(E1(i*)) for X is then given by

s>p+1 H*2(D) ® Qlt] — I§® H D)@ Qtldt — H*(D)® Q[t]dt
s=p+1 GoH2D)eQtt — IioH?(D)®Qtdt — H*(D)® Qtdt
1<s<p+1 H*=%(D)® Qlt]t - ;e H D) Q[tldt — H*(D)® Qt]dt

(D)®

Q[t]dt

EI2(X) r=-1 r=0 r=1
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where
(1) Cp is the image of the section of d; "*: E; "*(L) — E"*(L), i.e. a section of
ji: H"*(D) — H*(D).
Note that Cy is just a computational tool and does not impact the value of the El
term since it has been shown in [2, Theorem 2.18] that the values of H Ig(X ) for rational

coefficients are independent of the choices made during the construction.
2) T7, k € {0, 1}, is the vector space given by the following pullback square.
k

I; H*(D) @ Q[t]tF
| K
H*(X) T H*(D)

1,5

(3) The differential ( ) — EIS’E(X) is defined by

&5
Zaitz ( v*(a;) Z]ﬁ (a;) t’ Zzaltl 1dt) a; € Hs_z(D).
(4) The differential st ( ) — EIllf( ) is defined by

(@Y at thldt) S gt lde+ g (b)tde

{ai € H*(D),b; € H*~2(D),

with

ze H¥(X),j*(z) = Y a.

We describe the internal algebra structure of the coperverse weight spectral sequence ET| :%(X ).
Due to the method of construction, this algebra structure is similar to the external one on the
perverse weight spectral sequence for intersection cohomology in [5].

The algebra structure is described by the following maps. We set z,2’ € H *()N( ) and
a,a’,b,b € H*(D) ® Q]t].

EIY3(X) x EITE (X) — BT (X)
((xya+b-dt),(x';a’ +V -dt)) — (xa',ad’ + (a'b+ ba)dt)
EI3(X) x BIE (X)
((z,a+b-dt), (d - dt))

ELST(X)
aa’ - dt
EI2*(X) x EL% (X)
(a,a’ - dt)

Elf;;“’ (X)
aa’ - dt

IR A

EI2*(X) x EI)S (X) — EI 2P (X)
(a,(x,a’ +b -dt)) — aa’

Note that since C; € H*~2?(D) and Z} C Zg, ¢771.5 induces a morphism of spectral sequences
of bidegree (0,0)
EII(SDT—!—LE) : EILTH(X) — EII,E(X)
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This poset map extends the internal structure structure into an external one, meaning we then
have an extended product

EIS(X) x EI} 2 (X) — EI L (X)

defined with the same map as before for the internal structure and following the same rules for
r,r' s, s
By computing the cohomology of EI; 5(X) we have the following array.

s>p+1 kerv®  coker?® 0
s=p+1 0 coker '7|SCF 0
1<s<p+1 0 ker 5% coker j°
s=0 0 HO(X) 0
Bl (X) r=-1 r=0 r=1

Where ’YISCE is the restriction of v° to

Cy — H*(X).
We then have the following isomorphisms.
H(X) = k=0
% (X)Nker] @® coker jF 1 1<k<p+1
HIF(X) = k Kk ~ k k—1 k+1 _
HA(X) @im H*(X;eq) — H(L) = coker yjc, @ coker j° " & kery k=p+1
H*(Xreg) = ker "1 @ coker v* k>p+1

5.1.2. Remark on coker j°. It is important to note here that the values of ker j* and coker j*
recorded in the array of the F s term above start with s = 1, meaning we don’t take into account
ker j¥ and coker j¥, this is intended.

Indeed, coker j° accounts for the number of loops created when the intersection spaces are
defined as a homotopy pushout over a single point, like in the original definition of [2], this not
the definition we use.

As a consequence, when we have multiple isolated singularities, the generalized Poincaré
duality of the intersection spaces fails for H I(X) % H Igil(X ).

This is also one of the reason we modified the definition of intersection spaces. If we used
the original definition of [2], the mixed Hodge structure on H IT,]C (X) would never be pure unless
there is only one isolated singularity, which is the case where coker j° = 0.

5.1.3. Remark on the zero perversity. The intersection space for the zero perversity is by Defi-
nition 2.1.2 the regular part X,., of the complex projective variety X € SuperV¢ involved. The
isomorphism given above by the El5 term gives

HI%(X) = coker 'y‘lcﬁ @ ker 2.

Let’s see that this coincides with H'(X,.,).
Consider the term coker 'y‘lcﬁ, by definition Cj is defined as the image of a section of

j: H'(D)=0— H'(D).

So we have C5 = 0, and we then have coker ’y|1C6 = coker v?.
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We then have what we wanted
HIal(X) = coker ' @ kery? = H'(X,,).
5.2. (p,r)-purity implies (p, r)-formality.

Definition 5.2.2. Let 0 < r < oo be an integer and p a perversity. A morphism of coperverse
cdga’s fo: As — Bs is a (p,r)-quasi-isomorphism if for all perversities 3 < p in PP the induced
morphism

H(f): Hg(A) — Hg(B)
is an isomorphism for all i < r and a monomorphism for i =r + 1.

Definition 5.2.3. (1) A coperverse cdga (As,d) over k is said to be (p,r)-formal if there
exist a string of (P, r)-quasi-isomorphisms from (As,d) to its cohomology (Hs(A,k),0)
seen as a coperverse cdga with zero differential.

(2) Let X € SuperVg, I°X is said to be (p,r)-formal if its coperverse rational model Als(X)
is (p,r)-formal.

(3) Let X € SuperVg, I*X s said to be (p,r)-pure if the weight filtration HIE(X) is pure
of weight k for all k < r and for all perversities s <p in P°P.

Theorem 5.3. Let X € SuperV¢ of dimension n with only isolated singularities. Let r > 0 be
an integer and P a perversity. Suppose that I*°X is (p,r)-pure, then I*X is (p,r)-formal.
Proof. By Theorem 5.1, we need to define a string of (p, r)-quasi-isomorphisms of differential
bigraded algebras from (EI;%(X), d“7) to (EI;%(X), 0)fori+j<rands<pin 2.7

Given X € SuperVc of dimension n with only isolated singularities, the terms EI; and El,
of the spectral sequence look like.

j=5 | |
j=4 | ELINX) ) BERAX) | BINAX)
j=3 | B B0 1 BIX)
j=2 | BLYA(X) | EIP2(X) ! EII3(X)
j=1 | BI;}'(X) | EIXX) | BI4(X)
j=0 0 1 ERYX) 1 EINX)
EIL(X) i——1 1 =0 1 i=1
j=5 1 |
j=4 | eW(HINX)) | eV (HINX)) | gl (HI(X))
i=3 | eV HEX) ol (HEX)) gl (HI(X))
j=2 | eV (HINX) | el (HIZ(X)) | el (HE(X))
i=1 || @V(HX)) el (HIXX)) | ol (HI2(X))
j=0 0 el (HEX)) g (HINX))
EI(X) i=—1 E i=0 E i=1
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The (P, r)-purity assumption implies that
gr;-/V(HIg_l(X)) =0 forall j<r+1

and ‘
gr}’V(HIéH(X)) =0 forall j<r—1.

This means that kerd; '/ = 0 for all j <r + 1 and imdy’ = EI;J(X) for all j <7 —1.
Denote by Flé’j (X) the bigraded differential algebra defined by, for all § < p in 7/7;011
FIZY(X)=EI ' (X) j<r+1,

FIZY(X):=0 i>r41,
FI27(X) := ker d27 V7,
FIM(X):=0 V.

The differential being d%’j .
The bigraded differential algebra FI="*(X) has the following product structure

FIZYW(X)x FIZ Y (X) — 0 v,
FIZY(X) x FI®7 (X) — FIZWH'(X) vy, 5,
FI®(X) x FI®V (X) — FI%H'(X) vy, 4.
which is well defined and is compatible with dlgj and poset maps EI;(p3775) for all 3 <p.
We then clearly have a inclusion (FI27(X),d%) < (EI;%(X), d7), the map
(FI7(X),dy7) = (B1;5(X),0)

is defined by the following commutative diagram where the dashed arrows are the zero map.

0,7
ker dLm

Yh/‘(@s—i—l,s) Ylj(@‘:—kls)
'

0,j
ker dL?

The string (EI;%(X),d%j) — (FIY(X),d) — (EI;%(X),O) then defines a (P, r)-quasi-
isomorphism. O

Regardless of the perversity. The two cases of special interest here are the cases where r =1
and r = oco.

The case r = 1, the 1-formality, implies that the rational Malcev completion of 71 (IPX)
can be computed directly from the cohomology group H I%(X ), together with the cup product

HIL(X)® HI(X) — HI2(X). We then say that m (IPX) is 1-formal.
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The case r = oo implies the formality of /X in the usual sense, which in the cases where
IPX is simply-connected or nilpotent implies that the rational homotopy groups m;(I?X) ® Q
can be directly computed from the cohomology ring H I%(X ). We note that formality implies
1-formality.

Suppose now X € SuperV¢ with only normal isolated singularities, i.e.

HIL(X) = H*(X) = H*(X)

then by the Van-Kampen theorem and by Definition 2.1.2 for any perversity p we have
T (X) =11 (IPX) = m1(Xyeg).

Morevover, whether p = 0 or p # 0 we have the two following commutative diagrams.

HINX)® HIL(X) HIZ(X)

{ [

Hl(Xreg) 02y Hl(Xreg) T HQ(Xreg)

HY(X) ® HY(X) ——— H2(X)

i

1 1 2
Hfﬁ(X) ®HI5(X) ﬁ H.%(X)

Which means that if X is 1-formal then we can compute the rational Malcev completion of
71 (IPX) by computing the one from 71 (X). Tt is a result from [1] that when considering normal
projective varieties the fundamental group is always 1-formal, see also [6, Corollary 3.8| for the
isolated singularities case. We can then deduce the following result

Proposition 5.3.1. Let X € SuperVc with only normal isolated singularities. Then for any
perversity p w1 (IPX) is formal.

We also highlight the case r = oc.

Corollary 5.3.1. Let X € SuperVc with only isolated singularities. If I*X is (P, o0)-pure then
I*X is formal for any s <P in P°P.

Remark 5.4. The question of the purity of the weight filtration is also considered in intersection
cohomology, where a similar result of "purity implies formality" exists [5, Corollary 3.13]. It
must be pointed out that the purity of X € SuperV¢ in intersection cohomology does not imply
the purity of I*X. For example the Kummer surface of section 7.2, it is a Q-homology manifold
and as such its rational intersection cohomology I Hﬁk (X) is pure of weight k for any perversities
and then is intersection formal. This is not the case of the corresponding intersection space for
the middle perversity I'X since grj’ (HI2(X)) # 0.

Another and more involved example. It is a consequence of Gabber’s purity theorem and the
decomposition theorem of intersection homology (see [22]) that for projective varieties X with
isolated singularities and for the middle perversity, the weight filtration W on I HE (X) is pure
of weight k for all k£ > 0, this is not the case for the Calabi-Yau 3-folds treated in the last part
as we see that the weight filtration W on HIE(X) isn’t pure.
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6. FORMALITY OF INTERSECTION SPACES FOR 3-FOLDS

6.1. Preparatory work. Let X be a complex projective algebraic 3-fold with isolated singular-
ities and denote by ¥ = {01, ...,0,} the singular locus of X. Assume that there is a resolution
of singularities f: X — X such that the exceptional divisor D := f71(2) is smooth and the the
link L; of g; in X, for all o; € ¥ is simply connected.

First we recall and collect the different properties we will need. We state them in the case
of a space of complex dimension 3 but they are completely general and holds for any complex
projective variety of complex dimension n with only isolated singularities by replacing 3 by n.
The proofs can be found in [5].

Lemma 6.0.1. We have the following Poincaré duality isomorphisms for all 0 < s < 3,
coker y*"* 2= (ker j°7%)"  kery”"* = (cokerj°~*)"

Recall that since dim(X) = 0, the weight filtration on the cohomology of the link is semi-pure,
meaning :
e the weights on H*(L) are less than or equal to k for k < 3,
e the weights on H*(L) are greater or equal to k + 1 for k > 3.

We than have the following results.

Lemma 6.0.2. With the previous notations we have :
(1) The map jé“ H*=2(D) — H*(D) is injective for k < 3 and surjective for k > 3.

(2) The Gysin map v*: H¥=2(D) — H*(X) is injective for k < 3 and ~° is surjective.

(3) The restriction morphism j*: Hk()Z) — H¥(D) is surjective for k > 3.
Lemma 6.0.3. With the assumption on the links L, we have the following :
(1) The map j;: H°(D) — H?(D) in injective, the map j;: H*(D) — H*(D) is surjective,
jé“: H*=2(D) — H*(D) is an isomorphism for k =1,3,5.
(2) The map ~*: H¥2(D) — H*(X) is injective for all k # 4,6 and j*: H*(X) — H*(D)
is surjective for all k #£ 0, 2.

Lemma 6.0.4. With the above assumptions we have the following :

(1) H*(X) = ker j* & im~* for k =1,3,5.
(2) kerj2Nim~2? = 0.
With the lemmas above the second term of the spectral sequences for the regular part and
the links are given by

By (Xreg) Ey*(L)
s = ker 7% 0 s = H*(D) 0
5= 0 coker v° s=5 0 0
5= kerv* | coker~* 5= ker jgl 0
s=3 0 coker v3 s=3 0 0
s=2 0 coker v2 s=2 0 coker 57
s=1 0 coker ! s=1 0 0
5 = 0 HY(X) | |s= 0 HO(D)
r=—1| r=0 r=-—1| r=0
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The computation of the cohomology of the intersection spaces involves a choice of comple-
mentary subspace Cz, we detail here the choices we make.
e For the perversity 1, the map an is injective by Lemma 6.0.2, we then have C; = H°(D)
and coker 'ylch = coker 2.
e For the perversity 2, the map J&g is an isomorphism by Lemma 6.0.3, we then also have
C; = H'(D) and coker yj_ = coker~®.
e For the perversity 3, there is no assumption on jg‘ and we chose a complementary sub-
space of ker j;‘ which we denote by Cs.
e For the perversity 4, the map jﬁ5 is an isomorphism by Lemma 6.0.3, we then also have
Cy = H*(D) and coker yj_ = coker~”.
Since the links of the singularities are simply connected five dimensional manifolds, by defi-
nition of the intersection spaces we have I9X ~ I'X and I3X ~ I*X. Thus the second terms

of the corresponding spectral sequences must be isomorphic, for now the corresponding second
term for the associated spectral sequences are the following.

EI;%(X) EI;;(X)
5s=6 | kery® 0 0 ker /% 0 0
s = 0 coker 7° 0 0 coker 7° 0
s=4 | kerv* cokervy* 0 kerv* coker v* 0
s = 0 cokerv® 0 0  cokery® 0
s=2 0 coker 2 0 0 coker 2 0
s=1 0 coker ! 0 0 ker j* 0
s=0 0 HY(X) 0 0 HYX) 0
r=—1 r=0 r=1]|r=1 r=0 r=1

EI;%(X) EI;ZS(X)
5= ker v% 0 0 ker 45 0 0
s=5 0 coker ° 0 0 coker ° 0
s=4 0 coker '7|4c§ 0 0 ker j* 0
s=3 0 ker j3 0 0 ker j3 0
s5=2 0 ker j2 coker 52 0 ker j2  coker j2
s = 0 ker j* 0 0 ker j* 0
s=0 0 HO(X) 0 0  HX) 0
r=-—1 r=0 r=1 r=1 r=0 r=1

We then need to show that EI2:6(X) = EIij(X) and EI2:§(X) = EIQ:Z(X)‘ The first isomor-
phism is given by the isomorphism

H'(X) = kerj' @ im~*



MHS ON THE RATIONAL MODELS OF INTERSECTION SPACES 461
from the Lemma 6.0.4, we then have coker v! = ker j'.
For the second isomorphism we need to show that
coker fyrlcg >~ ker j2.
Which is given by the following lemma.
Lemma 6.0.5. We have the following isomorphism.
HY(X) = ker j* @ imjc,

Proof. Denote by (ker j4)* a complementary subspace of ker j4 ¢ H*(X). The maps jgl and j*
are surjective by Lemma 6.0.2. We then have the following commutative diagram.

4

H?(D) = ker ji & C5 H*(X) = ker j* @ (ker j4)*

i I

HY(D)

By definition of C3 we have 'y‘4: Cs — (ker j*)%. The commutative diagram restricts then to
the following commutative diagram where the restrictions jgl‘ and j‘4 are isomorphisms. Which
finishes the proof.

g
Cg —— (kerjH)t
.4 .
M it

H*(D)
O

The second terms of the spectral sequences of E1. 5% (X) for p € {0,2,4} are finally the following
ones.

EI;S(X) EI;;(X) EI;;(X)
s = ker 4% 0 0 ker 7% 0 0 ker 75 0 0
§=09 0 coker v° 0 0 coker v° 0 0 coker 4° 0
s=4 | kery* cokery? 0 kery?  coker~? 0 0 ker j* 0
s=3 0 coker 3 0 0 coker 3 0 0 ker 53 0
s=2 0 coker 2 0 0 ker j2  coker j2 0 ker j2  coker j2
s=1 0 coker ~1 0 0 ker j* 0 0 ker j* 0
‘s::O“ 0 H°(X) 0 ‘\ 0 H°(X) 0 “ 0 H°(X) 0 \

\ Hr:—l r=0 r:lHr:—l r=0 r=1 Hr:—l r=0 r:l‘

For the infinite perversity, which gives back the cohomology of the normalization X of X we
have the following result.
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El%(X)
s=6 0  HSYX) 0
s = 0 ker j° 0
s=4 0 ker j4 0
s=3 0 ker j3 0
5=2 0 ker j2  coker j2
s = 0 ker 5! 0
s=0 0  HYX) 0
r=-1 r=20 r=1

We are now ready to state the following theorem.

6.2. Statement and proof. In [7, Theorem E] it is proved that any nodal hypersurface X in
CP* is GM-intersection-formal, meaning that their perverse rational models I As(X) is quasi-
isomorphic to their intersection cohomology algebras ITHJ(X). This result is extended in [5,
Theorem 4.5] to the case of complex projective varieties of dimension n with only isolated
singularities and (n — 2)-connected links using mixed Hodge structures. We show, using the
same ideas, that for X a complex projective algebraic 3-fold with isolated singularities and
simply connected links, the intersection spaces are formal topological spaces.

Theorem 6.1. Let X be a complex projective algebraic 3-fold with isolated singularities and
denote by ¥ = {o1,...,0,} the singular locus of X. Assume that there is a resolution of singu-
larities f: X — X such that the exceptional divisor D := f~Y(X) is smooth and the link L; of
o; in X, for all o; € 3, is simply connected. Then I*X is (2,00)-formal over C. Moreover, if
Y = {0} is given by a unique normal isolated singularity, then I*X is (0, 00)-formal over C.

By Theorem 5.1 there is a string of quasi-isomorphisms of coperverse cdga’s from Al(X)® C
to EI 5(X) ® C. Moreover we have EI;7(X) = HI;(X). We follow this pattern

(1) We define a bigraded differential algebra (F'I;*(X), 9;°) step by step for the perversities
0, 4, 2 and 0.
e When needed, we then define the poset map ¢p7: FID°(X) — FI7*(X) and show
its compatibility with the product and the differential.
(2) We define the quasi-isomorphisms

T8 T, s

7,8 7,8 Yy T,8 7,85 by 7,8
(EIT5(X),d5°) <— (FI;°(X),05°) = (EIy5(X),0)

and check their compatibility with the products and differentials.
e When needed, we then check the compatibility of the maps 92" and ¢ with the
poset map ¢pq: FID°(X) — FIZ(X).

6.2.1. The infinite perversity. We start with the infinite perversity 5. By definition we have

HIZ(X) = H*(X).
We define the bigraded differential algebra (FIZ(X),0%2) as follows.
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5= 0 HS(X) 0
s = 0 ker 5° 0
s = 0 ker j4 0
s = 0 ker 53 0
s=2 0 kerj?  (kery*)Y ®dt
s=1 0 ker j* 0
s=0 0 HX) 0
FIZZ(X) ||r=-1 r=0 r=1

There are no non-trivial differentials and the algebra structure is concentrated on the column
r =0 with FIZ*(X) x FI2* (X) — FIZ*" (X). Let’s define the map

Wi FI(X) - ELL(X).

Recall that the spectral sequence for the infinite perversity is given by the following array.

1<s H2D)oQ[tlt — I{;®H*2?(D)®Q[tldd — H*(D)® Qltdt

5=0 0 79 —  HY(D)® Qlt]dt

EIPZ(X) r=-1 r=20 r=1

For r = 0, the map ¢?£S is defined to be

W (@) 1= (2,5 (x)) € I3

By Lemma 6.0.1 we have (kerv*)¥ 2 coker j2 € H2(D), we then define 12 to be the injective
map

’(/}%21 (kery")Y @ dt — E1117’%(X) = H*(D) ® Q[t]dt.

Concerning the map ¢ : FIZ'(X) — EI L (X), ¢2* is the identity. For r = 1, ¢2° is
completely determined by the isomorphism (kery*)V = coker j2 C H?(D).
We then have a quasi-isomorphism of algebras

wr,s T
=)

r,s T,8 ] sy P r,8
(Bl (X)), dx) < (FIZ (X),05) — (Ely5(X),0).
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6.2.2. The top perversity. For the top perversity £ = 4, we define the bigraded differential algebra
(FI;°(X),07°) as follows.

s=6 || HYD)® H D)ot HS(X)® HYD)® dt 0
5= 0 ker 5° 0
5= 0 ker j* 0
s = 0 ker 53 0
s=2 0 ker j2 (kery)V ® dt
s=1 0 ker j* 0
s=0 0 HO(X) 0
FID*(X) r=-—1 r=20 r=1

Compared to the infinite perversity, changes appear in bidegrees (—1,6) and (0,6) where we
add H*(D) ®t, respectively H*(D) ® dt. The only non-trivial differential is

;"% HA(D)® HY D) ®t — HY(X) @ H'(D) ® dt
given by
07 (@ y@t) = (4°(x) +1°(y), y @ dt).

The algebra structure is defined by FIZO’S(X) x FIZO’S/(X) — FIZO’S"'S/(X).
The map ¢ 7: FIZ'(X) — FI*(X) is the canonical inclusion and is compatible the algebra

structure.
Let’s now define the map ¢7*: FIZ"(X) — EI[7(X). Recall that we have the following

first term for the weight spectral sequence.
s>5 H 2 D)o Q[t] — IZioH*3D)xQ[t)ld — H*(D)® Qtdt
1<s<4| H?*D)®Qt — I;eH" *(D)®Q[tldt — H*(D)® Q[t]dt

s=0 0 n — H°%D)® Qlt]dt
EIL’Z(X) r=-—1 r=0 r=1
For r = —1, @Z)Z_ L5 is defined to be the canonical inclusion.

For r = 0, we extend the map 1/)5%5 by defining
$2°%: HY(D) ® dt — H*(D) ® Q|t]dt

and 1/1%5 = 1/)(%5 everywhere else.
For r =1, LZ%’S = i
By definition Z7, k € {0, 1}, is the vector space given by the following pullback square.

I: — H*(D) ® Q[t]t*
r
o1

(%) ————— 1°(D)
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We have Z7 C I, the map 1/1%5(1) = (x,j°(x)) is then compatible with the algebra structure
of FIZ"(X). The commutativity of the following diagrams

8:175 = ,75
1 0
FI;W(X) ———— FIJ*(X) ker j2 ———— (ker~*)Y @ dt
1/}41,5[ {ng,s 1][]2,2{ w%,Q
—1,s 0,8 0,2 1,2
EI ;*(X) e EI(X) EI7(X) E=— EI7(X)
4 4

concludes that we have a quasi-isomorphism ¢": FI2"(X) — EI7(X).
We now detail the map ¢7*: FIZ"(X) — EL;(X).

For r = —1, gbg % is non-zero only for s = 6 where it is defined by the projection
H*(D) — ker~°.
For r =0, FIZO’S(X) = ker d%s for s # 5,6. We define the map ¢%S to be the surjection
¢p": kerdy® — EL3(X)

for s € {0,...,4}. For s = 5, the isomorphism ker j° = coker® = ker d%s defines (b%s. For
s = 6 we have ¢2'°: H(X) ® HY(D) ® dt — 0.
For r = 1, the assignation

(kerv")V @ dt — coker 52

defines Q%’Q and (;%’S is zero for any other s.

Since we have ker j° x ker jsl — ker j S+S', the map (i%* is compatible with the algebra structure
of FIZ"”*(X ).

The map ¢~ is also compatible with the non-zero differential of FI*(X) since the following
diagram is commutative.

6
HY(D) ——— HY(X)

A

kery6 —— 0

We then have a quasi-isomorphism of algebras

T,8 T,8 wgs r,s 7,8 ¢£s T,8
(E117Z(X)7dz ) — (FIZ (X)7az ) — (EIQ’Z(X)50>
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6.2.3. The middle perversity. We define the bigraded differential algebra (FI7*(X),02°) as the

sub-algebra of (EI; 5(X),dy") given as follows.

5= HYD)o HYD)®t H%(X)o H*(D)®dt 0
s = 0 ker 5° 0
5= H2(D) H4(X) 0
5= 0 ker 53 0
5= 0 ker 52 (ker vV @ dt
s=1 0 ker j* 0
s=0 0 HO(X) 0
FI*(X) r=-—1 r=0 r=1

Compared to FI7"(X), we added H*(D) in bidegree (—1,4) and replaced ker j* by H*(X)

in bidegree (0,4), both are related by a new non-trivial differential 9 LA — 4
Besides the algebra structure on the column r = 0

0,s 0,s’ 0,545’
FIY*(X) x FIY (X) = FI>* (X),
there is a non-trivial product FI§1’4(X) X FI%’Q(X) — FI§0’6(X), since
(ker y*)Y = coker j2 ¢ H*(D)

it is given by
H?*(D) x (kery*)Y @ dt — H*(D) @ dt.

The map @35: FI;"(X) — FI;*(X) is then the canonical inclusion, which is clearly com-

patible with the differential and the algebra structure.

Let’s construct ¢": FIZ"(X) — EI’2(X). We recall that (ET, 5(X),d") is given by the

2
following array.

5>3 H*2D)®Q[t] — ZIZioH*2?(D)®Q[tldd — H*(D)® Qlt]dt

1<s<2 || H* (D)o Qt)t — e H(D)®Qtldt — H*(D)® Q[t]dt

5=0 0 A — HY(D)® Qlt)dt

EILE(X) r=-—1 r=20 r=1

1,s

We extend ¢, meaning that ¢
0,s

The algebra structure is preserved by ¢ and the following diagram commutes

65_1’4 = 74 _
H*(D) HY(X)
1#2_174[ 1/)%4
—1,4 0,4
Ell,i (X) a4 EILE(X)

is the inclusion, wg’s(x) = (z,j%(z)) and 1/)%’8 = w;s.
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The rest being the same as for the top perversity, we have a quasi-isomorphism
* k| *, % *, %
(G A (X) —)EILE(X).

We now construct ¢°": FI"*(X) — EIL7(X).

First of all nothing changes for » = 1 and q%’s = ¢%’S.

For r = —1, d);’s is non-zero only for s = 4,6 where it is defined by (;S;’G = (;31_1’6 and ¢§_1’4
is the projection H2(D) — ker 2.

For r = 0, since Fljo’s(X) = kerdg’s for all s # 3,5, we define the map (bg’s to be the
surjection ¢g’s: ker dg’s —» EIS’S(X). For s = 3,5, by Lemma 6.0.4 we have ker j° = coker~*,
this isomorphism defines gbg’s.

For s = 4,6, the following diagram commutes

S

~
H*=*(D) —— H*(X)
—1,s 0,s

¢§ 2

ker v ————— cokerv*

0

So ¢ is compatible with the differential and with the algebra structure of FI*(X) by the
commutativity of the following diagrams.

ker j* x ker j2 ————— ker 53 H?(D) x (kery*)V @ dt —— H*(D) ® dt
coker y! x coker y2 —————— coker 7> 0 x coker 52 0

We then have a quasi-isomorphism of algebras

T, ] w;’s 7,8 7,8 q%g ]
(BIPS(X), ) £ (FIL°(X),05%) ™ (BIL3(X),0).

We now check the commutativity of the following diagram

TS T8
V1 1

(BI00,857) o (FI(X),05%) — s (EI(X).0

ElL(¢13) ¥i3 Ely(¢z3)

(BI3(0).d5°)

5 (FI3°(X),057)

(BI}3(X).0)

— _—
TS T8
(o oxs

The only differences between EI"7(X) and EI'2(X), i = 1,2, arise for s = 3,4. We then only
check these cases. 7 '
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The only square that does not trivially commutes for s = 3 is the following

0,3 0,3
Y1 %1

ker j3 ————— ker j3

I} @ HY(D) ® Q[t]dt
EIl(S%,z)[ {904,2 [Efz(%,z)

I3 @ HY (D) ® Q[t]dt ker j® ——————— coker~?

0,3 0,3

2 2

The left hand square commutes because im 1/)%3 C I3, im wg’?’ C I3 and the fact that Z{ C Z3.
The right hand square commutes because of the isomorphism ker j2 2 coker 3.
For s = 4, the only square that does not trivially commutes is the following

z/}%‘i ¢%4
ker j4 —————— Lker j*

I{ @ H*(D) ® Qlt]dt

EI1(90472)J5 [@1,2 EIQ(SOZ,i)
Ig@HQ(D)@)Q[t]dt‘TH‘I(X) o1 coker
2 2

The left hand square commutes for the same reason that for s = 3. We then consider the

right hand square. By Lemma 6.0.5 we have H*(X) = kerj* @ im fy“lcg, moreover we have

im 7|4c§ C im~*, this implies that
ker j4 Nim~* # {0}.
We may then find a direct sum decomposition
ker j* = (ker j* Nim~*) @ C
and defines a map ker 4 — C by projection on the second summand. We then have
HY(X) = (kerj* Nim~*) & C @ im'yfcg,

the maps Elz(¢z73) and ‘15%4 then send the summand (ker j4 Nim~*) @ im 7‘4% to zero and C to

its class in coker ¥*. Which makes the right hand square commute.

6.2.4. The zero perversity. We finish with the zero perversity, which is special in the sense that
there are two cases whether or not X has more than one isolated singularity. Suppose that X has
only one normal isolated singularity. Then kery® = 0 and the El,-term of the weight spectral
sequence is
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EI;’%(X)
5= 0 0 0
§s=5 0 coker ° 0
5§ = kery*  cokervy* 0
5=3 0 cokery® 0
s=2 0 coker 2 0
5= 0 cokeryt 0
s=0 0 H(X) 0
r=—-1 r=0 r=1

We define the bigraded differential algebra (FI7°(X), 95°) as the sub-algebra of (E 1, 5(X), dg*)
given by

5= HYD)® HYD)®t HS(X)® HYD)®dt 0
5= 0 ker 5° 0
s = H2(D) H4(X) 0
§=3 0 ker j3 0
5=2 0 (ker j4)V @ (kerv*)Y @t  (kery?)Y @ dt
s=1 0 ker j* 0
s=0 0 HO(X) 0
FIZ®(X) r=-1 r=0 r=1

Compared to FI;*(X), we added (kery*)Y ®t and replaced ker j2 by (ker j4)V in bidegree (0, 2).
There is also a new differential
8%’2: (kery")Y @t — (kery")Y @ dt
which is differentiation with respect to t.
The algebra structure for » = 0 is defined by
{((ker’y4)v ®t) x FI2*(X) — 0 Vs,
0,s 0,s’ 0,545’ .
FIZH(X) x FIz” (X) — FI; (X) otherwise.
We still also have the product
H?*(D) x (kery*)Y @ dt — H*(D) @ dt.

We now define @5 5: FI’*(X) — FI7"(X). For s > 3, there are no changes and 55 is the
identity, same if s = 0,1. For s = 2, by Lemma 6.0.4 we have ker 52 Nim~? = 0 so we have
the inclusion ker j> — (ker j*)¥. The map @575 is then an inclusion and is compatible with the
differential and the algebra structure.

We now construct ¢5": FIZ"(X) — EI;%‘(X). Recall that (EI, 5(X),dy”) is given by the
following array.
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s>1 H2(D)®Qt] — I§® H*?(D)®Q[tldt — H*(D)® Q[t]dt

5=0 0 s — HY(D)® Qt)dt

EIT(X) r=-—1 r=0 r=1

Since we have (ker j*)¥ @ (kery*)¥ ® t C Zg there is no difference between 4= and 42" and
the definition is the same. We then have a quasi-isomorphism

vt FI2*(X) = BIE(X),

We define (b%’*: Flg’*(X) — EI;’%(X), for s > 3 there is no difference with the middle

perversity. If s = 2 then we define qb%’z by (ker j*)V + coker? and (kerv*)V + 0, we then have
the following commutative diagram.

892
(ker j4)V @ (kerv*)Y @t — (ker ")V @ dt

0,2
%

0,2 — 2
EL7 (X)) = cokery

If s = 1, the isomorphism ker j! 22 coker y! defines qﬁ%l.
We then have a quasi-isomorphism of algebras

T,8 T,8 wg’s r,8 7,5 q%g T,8
(BIPS(X), ) €5 (P12 (X),05%) ™0 (BIL3(X),0).

We now check the commutativity of the following diagram
T,8 7,8 wg’s T8 7,S QS;S T,8
(BIT3(X),dy") ——— (FI*(X),05°) ——— (EI}3(X),0)
EL(ps5) { Y355 El(p35)

(BIP3(0), d5") o (I (X), 05

TS 0 (EI;’%(X),O)
¥5

TS
5

The only differences between EI"7(X) and Elfg (X),i=1,2, arise for s = 1,2. We then only

check these cases. For s =1, there is nothing to check and everything commutes. For s = 2, the
only thing to check is the commutativity of the square

0,2 0,2
V3 3
7} ® H°(D) ® Q[t]dt ker 52 ker j2

EIL (%,o)[ [‘pzo [El 2(35)

Iz ® HY(D) ® Qlt]dt

02 (ker j4)V @ (kerv*)Y @t 0z coker 2

0 0

Which is clear by the previous computations.
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We then define the coperverse cdga FI-"(X) to be

2
~
*
“*

%(X> ﬁ:OSai

pron - FLC0 e 3
' FL*(X) p=12.

FE*(X) pe{0,T)

Then I°X is (0, co)-formal.
If X has more than one normal isolated singularity, then kerv® # 0 and the Elr-term of the
spectral sequence has a non-trivial product outside of the column r = 0 given by

EI;):g(X) X EI;%"‘(X) — EI°(X)
with
coker 72 x ker y* — ker+°.

This implies the following diagram does not commutes is z ¢ kery* C H?(D). This gives an
obstruction to the (0, co)-formality.

FI%(X) X FI;%A(X) — FI;%’6(X) (ker )V x H?*(D) — H*(D)

-]

EI%(X) X EI;%A(X) — EI;6176(X) cokerv? x ker y* —— ker~®

Note that the same obstruction to the formality of the regular part X,., exists in the inter-
section cohomology context in [5, Theorem 4.5].

7. EXAMPLES AND APPLICATIONS

We use the following convention in the rest of this section. When needed, we will denote by
{1;, E;} a basis of H*(CP,)), we complete it into a basis {1;, £;, &, A} of H*(CPj) x CP(,))
with |E;| = |&] = 2, |A;| = 4 and where E;F; = A;.

7.1. Projective cone over a K3 surface.

Definition 7.0.1. A K3 surface S is a simply connected compact smooth complex surface such
that its canonical bundle Kg is trivial.

Denote by S a K3 surface, for example a nonsingular degree 4 hypersurface in CP3, such as
the Fermat quartic

S={lz0:21:2: 23] € CP® : 20 + 21 + 25 + 23 = 0}.
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In fact every K3 surface over C is diffeomorphic to this example, see [19]. The Hodge diamond
of a K3 surface is completely determined and is given by the following.

22 1
h2! ht2 0 0
h20 it h? = 1 20 1
A0 Ot 0 0
RO 1

Which means that we have the following cohomology.

S 0|1 2 |34
H(S)|Q|o|Q2|0|Q

Denote by PcS € CP* the projective cone over the K3 surface. This is a simply connected
hypersurface of complex dimension 3 with only one isolated singularity which is the cone point
and defined by the same equation but in CP*

PcS ={[z0:21:20:23:24] € CP* ¢ 2§ + 27 + 25 + 23 = 0}.
The cohomology of PcS is given by (see [12, p.169])
H*(PcS) = H*2(S)Vk > 2.

By Hironaka’s Theorem on resolution of singularities there exists a cartesian diagram
§———P

|l

x« ———— PcS

where the exceptional divisor is the K3 surface .S and P is a smooth projective variety of complex
dimension 3. We then have the following Mayer-Vietoris sequence

o= HHY(PeS) — H*(P) & H*(x) — H*(S) — - --

which gives the following cohomology for P.

s 011 2 3 4 5| 6

H°(P)[|Q|0[{Q&Q*|0]|Q®eQ*|0]Q

We compute the intersection space for the perversities {0, 1,2,3,4}.
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First of all the intersection space for the zero perversity is by definition the regular part, which
is computed by the following spectral sequence

B (PoS) eo) 5" (B S)res)
s=6| Q Q 0 0
s=5| 0 0 0 0
5= Q” | Qe Q” 0 Q
s=3 0 0 0 0
s=2| Q |Q®Q2| 0 | Q¥
s=1 0 0 0 0
. 0 Q 0 Q
r=—1 r=20 ker~* | coker~*

Now we need the cohomology of the link, which is given by the spectral sequence defined by
j§: H*7*(D) — H*(D), as in the section 5.1.

By (L) Ey* (L)
5=06 Q 0 Q 0
s=5 0 0 0 0
s —4 Q22 Q Q2! 0
s=3 0 0 0 0
s—2 Q Q22 0 Q2!
s=1 0 0 0 0
s=0 0 Q 0 Q

r=—1|r=0 kerj§ cokerjﬁs

We then have
HOL) —H(L)-Q
HY(L) = H*L)=0,
H?(L) = H3(L)=Q*.
By the E5 term of the previous spectral sequence we see that the only sections of Ji for which

the image won’t be zero correspond to the perversities 1 and 3. Each times the image of the
section is equal to Q, we then have the two following map

Vet Gr=Q— H*(P)= Qe Q”,

Ye,: GG=Q— H'(P)=QeQ®.

and coker 7‘20 = coker fy“lG ~ Q22
1 3
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The last map we need to know is j%: H*(P) — H#(S), the map induced by the inclusion
S — P.

s=6 Q 0
5= 0 0
s=4 Q% 0
5§ = 0 0
§=2 Q 0
s=1 0 0
s=0 0 0
ker 7% | coker j°

We recall the EI term of the spectral sequence of IPX.

s>p+1 kerv®  coker~® 0
s=p+1 0 coker ’yl‘"ci 0
1<s<p+1 0 ker 5% coker j°
s=0 0 HO(P) 0
Bl (X) r=-1 r=0 r=1

We then have the following results.

EI;?(JP’CS) EI;’%(]P’CS) EI;’%(IP’CS) EI;;(IP’CS)
s>5 0 s>5 0 s>5 0 s>5 0
s=4 Q s=4 Q s=41 Q> s=41 Q>
s=3 0 $=3 0 s=3 0 s=3 0
s=2 Q?? s=2 Q s=2 Q s=2 Q
s=1 0 s=1 0 s=1 0 s=1 0
s=0| HYP)| |s=0| HY(P)| |s=0||HP)| | s=0| HP)

r=20 r=20 r=20 r=20

Note that for complementary perversities, such as 1 and 3 or 0 and 4, and for s # 0 the El,
term gives back the generalized Poincaré duality between the various intersection spaces such as
proved in [2, Theorem 2.12]. The middle perversity here is 2 and we also get back the self-duality
of the space I’PcS.

For any perversity p the weight filtration is pure, so by Theorem 5.3 we get the following
proposition.

Proposition 7.0.1. Given any perversity b, the intersection space IPPcS is a formal topological
space.
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7.2. Kummer quartic surface. Let K be a Kummer quartic surface, that is an irreducible
surface of degree 4 in CP? with 16 ordinary double points, which is the maximum for such
surfaces.

From the algebraic topologist point of view, a Kummer surface is constructed in the following
way. Let’s consider a 4-dimensional torus

T=25"'x8"x8!x 8"

endowed with the complex involution 7: z +— Z action. This action has 16 fixed point and we
define the Kummer surface to be the quotient complex surface

K :=T/r.

We have the following cohomology for K.

s 01| 2 (3|4

H°(K) | Q|0]Q°|0]Q

The link of each singularity is then a projective space RP3. These singularities are quotients
singularities so by [13] K admits a resolution where the exceptional set consists of curves of
genus zero and self-intersection —2. Which means we have the following resolution diagram

16 =
LiZ1 CFG K
[f
16 ]
Liz1 *@) K

The Mayer-Vietoris sequence gives the following cohomology for K.

s 01 2 314

H'(EK) [ Q|0 Qe QE |0]|Q

We have the fairly easy following spectral sequence for the links.

By*(L) Ey*(L)
s=4| @2, QE; 0 DL QE; 0
s = 0 0 0 0
5=2 691121 QlL; @2121 QLE; 0 0
s=1 0 0 0 0
s=0 0 @3&1 Ql; 0 @21 QL
r=-—1 r=20 ker Ji coker Ji

The rational cohomology of link of each singularities is then a 3-sphere, which is the rational-
ization of RP3.
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The only interesting perversity here is the middle perversity 1. We need a Cy for the compu-
tation, we have here
16
G=au
i=1
and 7|2CT =72

The following spectral sequence computes the regular part and the second array is the restric-
tion map j5°.

E[*(Key) 7" H (D) — H*(K) By (Krey)
s=4| @2, QE: Q @2, QL | o0
s=3 0 0 0 0
s=2| @:2,QL | Qod,2, QE; 0 Q°
s=1 0 0 0 0
s=0 0 Q 0 Q
r=-—1 r=20 ker v* coker v*
5= Q 0 Q 0
5§ = 0 0 0 0
s=2| Qe @ QF | @.5,QE | Q° 0
s=1 0 0 0 0
s=0 Q @5 QL | 0 |7 QL
H*(K) H*(D) ker j° | coker j*

The cohomology of the middle perversity intersection space of a Kummer surface is then given
by the following array. Note that the cohomology obtained isn’t pure.

s=4 ||®°,QE 0 0 0
s=3 0 0 0 @7121 QE;
5 =2 0 Q¢ 0 Q¢
s=1 0 0 0 0
s=0 0 HYK) 0 HY(K)
EI;’%(K) r=-—1 r=0 r=1 HIf(K)

7.3. The Calabi-Yau generic quintic 3-fold. Let Y C CP* the singular hypersurface given
by the equation

Y :={[z0:21:20: 23:24) € CP? : 239(20,...,24) + 24h(20, ..., 24) = 0}

where ¢ and h are generic homogeneous polynomials of degree 4. Y is the Calabi-Yau generic
quintic 3-fold containing the plane

™= {2322’4:0}20132.
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The singular locus
%= {[z] € CP* : 23 =z, = g(2) = h(z) = 0} C CP?

is given by 16 ordinary double points. That is the link of each singularity ¢ € ¥ is topologically
equal to L, = S% x S3.
We have the following cohomology for Y.

S o122 3 |4 ]5|6
Hy)|Qlojq|e* |q|o|q

We consider the following commutative diagram of resolutions.
16 16 16
L= CP(li) x CP(li) — LiZs CP(li) — UiZi *@
Blow up small res. [

Y Y Y
B ¥

The first square is a simultaneous small resolution of the 16 singularities obtained by blowing
up CP* along the plane 7 = CP2. The exceptionnal divisor of this blow-up is a CP'-bundle
over T = CP2.

For the second square B{ is a blow-up along the CP(li)’s.

Denote by ¥ the generator of H?(Y).

By using twice the Mayer-Vietoris long exact sequence, we get the following cohomology for
Y.

HO(Y)=H*(Y) =Q,

HY(Y)=H>Y)=0,

H*(Y) = QU & QE; & @,2, QAY,

HY(Y) = QU & QEY & @,2, QM

H3Y) = Q4.

The cohomology of the links of the singularities is given by the spectral sequence
Ep*(L) Ep*(L)
s=6] @A 0 D.2QAi | 0
5=5 0 0 0 0
s=4| @L(QEeQs) | @il QA @:2, Q& 0
s=3 0 0 0 0
s = @2 QL | B.L(QF & QE) 0 | @i QE
s=1 0 0 0 0
5 = 0 @2, QL 0 | ®QL
r=-—1 r=20 ker j7 coker j
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We here follow the section 6 and do the computations for the top, middle and zero perversity.
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The spectral sequence of the regular part is given by

By (Yreg) 7°: H(D) — H*(Y) E5" (Yreg)
s=6| @ QA Q @2, QA 0
s=5 0 0 0 0
s=4 | @L(QE®QE) | QU e QEY e @,L, QA | ®%,Q8 | QU
s—=3 0 Q! 0 Q™
5= @’ QL QU QE & @,°, QAY 0 QU & QE;
s=1 0 0 0 0
s=0 0 Q 0 Q
r=-—1 r=0 ker *® coker °
Finally we also need the restriction morphism j5°.
s=6 Q 0 Q 0
s=5 0 0 0 0
s=4|QVeQE 0@, QN | @.5,QN | QWeQE | 0
s—3 Q! 0 Q! 0
s=2| QUeQE @2, QA | @5 (QF: ® Q) Qv | ., QE
s=1 0 0 0 0
5=0 Q @2, QL 0 .2, QL
Hs(Y) H*(D) ker j° coker j*

We then get the following tables for the perversities 0,2,4. Note here that the generalized
Poincaré duality is only partial as we explained in the subsection 5.1.2 since we do not take into

accounts the loops of coker 5°.

s=6 | @, QA 0 0 0
s=5 0 0 0 | B2, QA
s=4 | @2,Q6 Qv 0 QU
s = 0 Q174 0 Q189
5= 0 QUVaQE 0 | QUeQE
s=1 0 0 0 0
5=0 0 HO(Y) 0 HO(Y)
EI;:%(Y) r=-1 r=0 r=1 HIX(Y)

Note here the partial duality for the values s = 2, 3,4 for the perversities 0 and 4.
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s=6 | P, QA 0 0 0

5= 0 0 0 .2, QA

s=4 0 QU & QEY 0 QU @ QEY

s =3 0 Q! 0 Q'#

5= 0 QU ®.2, QE; Qv

§ = 0 0 0 0

s=0 0 HO(Y) 0 0
EI2(Y) r=-1 r=20 r=1 HIX(Y)

For the perversity 2 we retrieve the values of the smooth deformation as in [4], unless for
s=1.

s=6 || @2, QA 0 0 0

§= 0 0 0 @il QA4

5= ®°, Qs QU 0 QUY

s—=3 0 Q'™ 0 Q204

s =2 0 Qv @2, QE | QU

s=1 0 0 0 0

s=0 0 HO(Y) 0 HO(Y)
EI;;(Y) r=-1 r=0 r=1 HIXY)

7.4. The Quintic. Let v be a complex number and consider the variety
Xy ={lz0:21: 221231 24] € CP* 1 2§ + 20 4+ 25 + 25 + 2§ — Bipzgz1202324 = 0},

which is Calabi-Yau. It is smooth for small ¢ # 1 and becomes singular when v = 1, denote by
X the singular degeneration Xy_;.

The singular locus ¥ of X is here composed of 125 ordinary double points. That is, the link
of each singularity o € 3 is topologically equal to L, = S? x S3, just like before.

We get the following cohomology for X.

S 01| 2 3 4 |5]6
mx)|Qlo/q[Q® q¥ |0 q

Using the same method of resolution that before.

125 125
Lz CP(lqz) X Cp(li) — ;21 CF;

125
(4) L1z *@)

Blow up small res.

B¢ f
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With the Mayer-Vietoris long exact sequence, we get the following cohomology for X, we still
denote by W the generator of H2(X).

6 Q
5 0

4| QU e @ EY o @2 QA
3 Q2

2 | Qo @il QF o @, QAY
1 0

0 Q

s H*(X)

The spectral sequence of the regular part is given by the following array.

B (Xpeg) 71 H2(D) — H*(X) B3 (Xreg)

s=6 D, QA Q D2 QA !

. 0 0 0 0

s—4 | ®%QE Qs | QU e @, B o @5 QA | @12 Qs QU

s = 0 Q’ 0 Q’

=2 @fan  |queerered’fion | o |Quedl Qs

s=1 0 0 0 0

s=0 0 Q 0 Q
=1 r=0 ker v* coker *

The kernels and cokernels for the restriction morphism are given by the following array.

s=6 Q 0 Q 0
s=5H 0 0 0 0
s=4| QU e @~ EY o®2 QA @2 QA QUY o @, QEY 0
s=3 Q? 0 Q? 0
s=2 | QUad, QE o @2 QN | B21(QE © QE) QY @) QE;:
s=1 0 0 0 0
5= Q D, Ql 0 ®.21 QL
H*(X) H*(D) ker j° coker j°
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We let the reader fill in the arrays for the top and zero perversities, we here give the result

for the middle perversity 2.

5= D12 QA 0 0 0

s=5 0 0 0 D2 QA

5= @2 Qs QuY 0 QUY

s = 0 Q2 O Q204

s = 0 Qv PN QE | QU

s=1 0 0 0 0

s=0 0 H°(X) 0 H(X)
EI;’;(X) r=—1 r=20 r=1 HI%(X)
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