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TOPOLOGICAL CLASSIFICATION OF CIRCLE-VALUED SIMPLE
MORSE-BOTT FUNCTIONS

E.B. BATISTA, J.C.F. COSTA, AND I.S. MEZA-SARMIENTO

ABSTRACT. In this work, we investigate the classification of Morse-Bott functions from S? to
S, up to topological conjugacy. We give a complete topological invariant of simple Morse-
Bott functions f : S2 — S1. The invariant is based on the generalized Reeb graph associated
to f (called here MB-Reeb graph). Moreover, a realization theorem is obtained.

1. INTRODUCTION

Let f,g : M™ — R be two smooth functions defined in a n-manifold M. We say that f and
g are topologically equivalent if there exist homeomorphisms A : M™ — M”™ and k : R — R such
that

f=kogoh™h

The topological classification problem of smooth functions is a classical subject in Topology
and Singularity theory. However, global results and global invariants are difficult to obtain. Then
some restrictions in the manifold M™ or in the function f can be considered. For instance, Fukuda
[11] shows that there exist a finite number of topological equivalence classes if considered the
space of all polynomials f : M" = R™ — R of limited degree. Prishlyak [18] gives a topological
classification of smooth functions on a closed surface M2 with isolated critical points. For Morse
functions on surfaces such topological classification was obtained by Sharko [20, 21] and Kulinich
[13]. There is a classification for functions on surfaces with unique critical level (except minimum
and maximum) that is embedded graph [14]. In [2], Arnold presents results on the number of
topological equivalence classes for Morse functions.

A special case to consider is when M" = S™ C R™*! (the standard sphere). For M? = S?
it is known that the ordered Reeb graph is the only topological invariant of f : S? — R up
to diffeomorphisms and all regularly ordered graphs are realizable (see [2]). When M" = S™
n > 1, such graphs were studied by Kronrod and Vitushkin (see [4]). Notice that the Reeb graph
associated to a Morse function f:S™ — R, n > 1, is a tree. Arnold also studies the topological
classification problem when M is a torus T2 (see [4]).

Recently, the first and second named authors studied the topological classification of stable
maps from M? C R3 to S where M? is a surface with boundary (see [7]) or M? = 52 (see [6]).
In fact, in [6] it was introduced a generalization of classical Reeb graph, so-called generalized
Reeb graph and proved that it is a complete topological invariant. As a consequence of this
topological classification of stable maps from M? C R?® — S, the authors obtained in [6, 7] a
topological classification of map germs from (R3,0) to (R?,0).
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Considering Morse-Bott functions defined from an orientable closed surfaces M? to R, the
third named author obtained a classification of these functions up to topological conjugacy,
constructing an invariant which is based on the classical Reeb graph of the function and the
topological type of the singular level sets (see [16]).

In this paper our goal is to investigate the classification of Morse-Bott functions from S? to
S up to topological conjugacy, in the following sense:

Definition 1. Two Morse-Bott functions f,g: S? — S are said to be topologically conjugated
if there exist homeomorphisms h : S? — S% and k : S' — S' such that k preserves orientation,
f=kogoh ! and h sends singular fibers of g to singular fibers of f.

If the Morse-Bott function f : S? — S is not surjective then the classification problem can
be reduced to the case from S? to R (this study was done in [16]). The purpose of this paper is
to investigate surjective Morse-Bott functions from S? to S'.

The paper is organized as follows. In Sections 2 and 3, we give definitions and examples
of Morse-Bott functions taking values in R and S', respectively. In Section 4 we construct
a complete topological invariant, called here MB-Reeb graph, which classifies surjective simple
Morse-Bott functions f : S? — S' (Theorems 16 and 17), up to topological conjugacy. In
Section 5, we state and prove a realization theorem for a given graph to be the MB-Reeb graph
associated to a simple Morse-Bott function from S? to S (Theorem 20).

2. MORSE-BOTT FUNCTIONS

Denote by M"™ a smooth closed manifold of dimension n embedded in an open subset U of
some Euclidean space.

Classical Morse theory deals only with functions all of whose critical points are nondegenerate;
in particular, the critical points must all be isolated points. In many situations, however, the
critical points form submanifolds of M™. One of Bott’s first insights was to see how to extend
the Morse theory to this situation. In [8], Bott introduced the notion of a nondegenerate critical
submanifold: a critical submanifold N C M is nondegenerate if at any point p in N the Hessian
of f restricted to the normal space to N is nonsingular.

Let f be a smooth function from M"™ to R. The term smooth will mean “at least three times
continuously differentiable” throughout the paper. A point p € M" is called a singular point of f
if rank(df(p)) is not maximum, where df(p) denotes the differential of f in p € M". Otherwise,
p is called a regular point of f. A point b € R is called a singular value of f if f~1(b) contains a
singular point of f. The singular set of f, denoted by Sing(f), is the set of all singular points
of f. The image of Sing(f) by f is called discriminant set of f, denoted by Ay.

For each a € R consider the level set I,(f) = f~!(a). Notice I,(f) is a union of connected
components, i¥(f), k= 1,...,m(a), called fibers. A singular fiber is a connected component of
a level set I, (f) which contains a singular point of f and it is denoted by s,(f).

If all nearby fibers around a singular fiber are homeomorphic to it then this fiber is called
reducible. See [1] for details.

We say that f : M"™ — R is simple if there is an unique connected component containg singular
points in the singular level. It is contained in a singular fiber s,(f) C I,(f) for each a € R.

Definition 2. (/8]) Let f : M™ — R be a smooth function. A smooth submanifold S C Sing(f)
s a non-degenerate singular submanifold of f if

(i) S has no boundary (0S = 0);
(ii) S is compact and connected;
(iii) For all s € S, the tangent space TsS = ker (Hesssf), where Hessgf is the Hessian of
fin s.
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FIGURE 1. The graphic of f(z,y) = 2. The red line is the Sing(f).

The function f is called a Morse-Bott function (MB function from now on) if the set Sing(f)
consists of isolated points and non-degenerate singular submanifolds.

Let p € Sing(f). By Morse-Bott Lemma (see [5]) there exists a local chart of M™ around p
and a local splitting of the normal bundle of S, N,S = N;S @® N, S so that, if

p:(s,x,y),SES,IGN;S,yGNI;S,
then
T,M"'=T,S®N;S®N, S and f(p)=f(S)+ |z —|y*.

The dimension of N, S is the index of S and if p is not an isolated singularity of f then f is
locally a Morse function on the image of IV,S under the exponential map.

It follows from Morse-Bott Lemma that Morse functions are MB functions with isolated
singular points. Moreover, since M" is compact then these functions have a finite number of
isolated singular points.

Example 1. Let f : M? = R? — R given by f(x,y) = x2. The function f is MB and the set
Sing(f) is the y-axis. See Figure 1.

Another particular case of MB functions consists of the called round Bott functions (cf. [12])
where the set of all singular points is the disjoint union of circles, also called critical loops. An
example of this kind of function is given in Example 2.

Example 2. The parametric equation
¢(x1,22) = (R4 rcoszy) cosxa, (R+rcosxy)sinzg, rsine ),

with (x1,z2) € R?, represents the 2-dimensional torus T? in R® obtained by the revolution around
the z-axis of one circle of radius r > 0 in the plane-yz and its center is to R > r units along the
Y-aTiS.

Let f : T? — R be f(¢p(x1,22)) = rsinxy. Then f is a round function (hence MB function).
The Sing(f) is the disjoint union of two circles in T2, of indexes 0 and 1, respectively. See Figure
2.

In [12] it was proved that there are no round functions on S2.
Another interesting example of MB functions are the Wigner’s functions (see [24]), which
are quasi-probability distribution functions introduced in order to study quantum corrections
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FIGURE 2. The function f:T? — R. The set Sing(f) is the disjoint union of two
circles, the red ones.

to classical statistical mechanics. According to [24], Wigner’s functions have been useful in
describing transport in quantum optics; nuclear physics; quantum computing, decoherence and
chaos. The next example shows some particular cases of Wigner’s functions.

Example 3. According to [16], the functions
(i) Jolw,p) = 7" (2p? + 22%) /m;
(i) fi(z,p) = (3(_”2_352)(—2])2 — 222 + 4p* + 82%p? + 4at) /7;
(i) folz,p) = P’ ==") (4pb + 1222p* + 122%4p2 — 8p* — 1622p? + 2p + 426 — 8z* + 222/,
where x denotes position and p the momentum, are three exzamples of special Wigner’s functions.
These examples are MB functions having the origin as nondegenerate critical point. Also,

each one of them has one, two and three nondegenerate critical submanifolds homeomorphic to
circles, respectively (see Figures 3, 4 and 5). For more details see [16].

FIGURE 3. The function fy(z,p). FIGURE 4. The function f;(x,p).
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FIGUure 5. The function fa(x,p).

If f: M2 — Ris a MB function with isolated singular values, we can associate to f a classical
graph, called Reeb graph. Reeb graphs were introduced by Reeb to study Morse functions from
M?2 to R. The classical Reeb graph of f is the graph obtained by contracting each fiber I,,(f) to a
point, where the vertices correspond to the singular fibers s, (f) of f (see [19]). The Reeb graph
allows us to study the evolution and to express the connectivity of the level sets of f. It has
many interesting applications in Mathematics as well as in other areas such as Computational
Geometry, Computer Graphics, etc. For instance, in Morse theory, it is well-known that the
Reeb graph is a complete topological invariant for Morse functions from S? to R (see [3, 20]).
Recently, a generalization of Reeb graph, so-called generalized Reeb graph, was introduced in
[6, 7]. The generalized Reeb graph has extra additional information than classical Reeb graph.

Considering Morse-Bott functions f : M? — R defined on orientable closed surface, a topo-
logical classification (up to conjugacy equivalence) was done in [16]. In order to obtain this
classification, it was also constructed an invariant based on the classical Reeb graph and the
topological type of the singular level sets. Moreover, it was shown how the topological type of
the singular level sets can be related with the order of the vertices of the Reeb graph associated
to the MB function f : M? — R and induced by the values of f.

In this case, considering the dimension of the singular submanifolds and its index, the set
Sing(f) of a MB function f : M? — R can be subdivided in three subsets:

(i) Points in singular submanifolds which are homeomorphic to S*. On these circles the
function assumes extremal values. Such singular submanifolds are called singular circles.
(ii) Isolated singular points which are extremum points of f (maximum/minimum).
(iii) Isolated singularities of index 1 of f (saddle points).

3. CIRCLE-VALUED MORSE-BOTT FUNCTIONS

In this section we will investigate Morse-Bott functions defined in an orientable closed surface
M? but now taking values in S! instead of R. A similar approach was done for simple Morse
functions from M? to S* in [6, 7].

A smooth function f : M? — St is called circle-valued function, where M? is an orientable
closed surface. Since circle-valued functions may be seen locally as a real-valued, all the local
notions of Morse-Bott theory are carried over immediately to the framework of circle-valued
functions.
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Definition 3. A circle-valued function f : M? — S! is called a circle-valued Morse-Bott function
(or just circle-valued MB function) if for any x € M? we can choose a neighborhood V  of
f(x) € S*, and a diffeomorphism ¢ : V. — R, such that ¢ o (f|r), where U = f~Y(V), is a
real-valued Morse-Bott function.

We say that f: M? — S is a simple circle-valued MB function if f is a MB function with
up to one nondegenerate critical submanifold for each level curve. From now on, it will always
be considered simple circle-valued M B functions.

Example 4. Let f : S? — S* be the radial projection as in Figure 6. Then f is a MB function.

SZ

FIGURE 6. Circle-valued Morse-Bott function from sphere.

Example 5. Let f : M? — S be the radial projection as in Figure 7, where M? is a bitorus.
Then f is a MB function with two saddle points.

FIGURE 7. Circle-valued Morse-Bott function from bitorus.

Proposition 4. Let f : S? — S! be a simple MB function. Then f is not a reqular map.

Proof. Suppose f is a regular map, then f(S?) C S would be an open set. Since f(S?) is also
closed, we get f(S?) = S! and hence, f is surjective. By Ehresmann’s fibration theorem [9], f
is a locally trivial fibration. In particular, if F' is a fiber we have that

2 =x(8%) = x(S")x(F) =0,

which is an inconsistency. [l
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Proposition 5. Let f : S? — S! be a simple MB function. Then the nondegenerate critical
submanifolds of f are homemorphic either S* or points. Moreover, there exists a finite number
of them on S2.

Proof. The critical submanifolds of f in S? can be 0, 1 or 2-dimensional. Therefore, up to a
diffeomorphism, in the case 0-dimensional the non degenerate critical submanifolds of f are crit-
ical points of f; in the case 1-dimensional, we can have each nondegenerate critical submanifold
diffeomorphic to S! or a straight line. But, since S? is a compact the only possibility is a circle
S1. Finally, it can be observed that the 2-dimensional case does not hold because the existence
of a normal subspace in each point is not possible. Moreover, since S? is compact we have only
a finite number of critical submanifolds of f in S2. (]

Follows from Proposition 5, that the set Sing(f) associated to a simple MB function
f : 8% — S! can also be divided in three subsets, according to dimension of the singular
submanifolds and its index. The possibilities are: singular circles (homeomorphic to S*'), maxi-
mum/minimum points or saddle points.

4. THE MB-REEB GRAPH OF A SIMPLE CIRCLE-VALUED M8 FUNCTION

It is well-known that the Reeb graph is a powerful tool to study the topological classification
of functions. In fact, Arnold [2], Kulinich [13] and Sharko [22] classified Morse functions on
surfaces using Reeb graphs with some additional information and Prishyak [18] classified smooth
functions with isolated critical points on closed surfaces.

Here our goal is to extend the concept of generalized Reeb graph introduced in [6] for simple
circle-valued M B functions from $? to S! and to study the classification problem of them, up
to topological conjugacy.

Given a simple MB function f : S2 — S!, we consider the following equivalence relation on
52

x ~ y if and only if f(z) = f(y) and x and y are in the same connected component of

FHf (@)

Proposition 6. Let f : S — S* be a simple MB function. Then the quotient space S*/ ~
admits the structure of a connected graph in the following way:

(1) the wvertices are the connected components of level curves f=1(v), where v € S! is a
critical value;

(2) each edge is formed by points that correspond to connected components of level curves
f~1(v), where v € S is a reqular value.

Proof. Since f is a simple MB function we have a finite number of critical values v1,...,v, and
for each i = 1,...,r, f~!(v;) has a finite number of connected components. Then,

f|S2 fffl({vl,...,vr}) . 52 —fﬁl({vl,...,vr}) — St — {v1,...,0.}

is regular, and the induced map

F:08% = Y {ur, ..., 00))) ~— St —{v1,... 0}

is a local homeomorphism. Each connected component of S*—{vy,...,v,} is homeomorphic to an
open interval, so each connected component of (S? — f~1({vy,...,v,.}))/ ~ is also homeomorphic
to an open interval. O

Each vertex of the graph obtained as in Proposition 6 can be of four types, depending on if
the connected component has a saddle point, maximum/minimum critical point, regular points
which images are critical values or singular circles. The vertices corresponding to critical circles
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“

will be denoted by white vertices
are given in Figure 8.

o”. Then, the possible incidence rules of edges and vertices

a) b) c) d)

F1GURE 8. Incidence rules of edges and vertices.

Let vq,...,v, € S' be the critical values of f. We choose a base point vy € S' and an
orientation. We can reorder the critical values such that vyp < v; < ... < v, and label each
vertex with the index ¢ € {1,...,r}, if it corresponds to the critical value v;.

Definition 7. The graph given by S?/ ~ together with the labels and colors of the vertices, as
previously defined, will be called here the MB-Reeb graph associated to a simple MB function
f:8% = S'. The MB-Reeb graph associated to f will be denoted by T'¢.

Remark 8. Since the nomenclatures “Reeb graph” and “generalized Reeb graph” are already
established in the literature (cf. [3, 6, 7, 14, 18, 19, 20, 21, 22]), it was chosen here the expression
“MB-Reeb graph” to designate the graph associated to a simple MB function f:S? — St.

Definition 9. Let I'y be the MB-Reeb graph associated to a simple MB function f : S* — S*.
The vertices of degree 2 in I'y with indegree 1 and outdegree 1 are called regular vertices of I'y.
The other vertices of I'y are called critical vertices. Denote by Vy the set of critical vertices of
'y and by §V; the number of elements of V.

Proposition 10. Let f : S2 — S be a simple MB function. Then the MB-Reeb graph of f is
a tree.

Proof. Let I'y be the MB-Reeb graph of f. Since I'¢ is connected, in order to show that I'f
is a tree, we only need to prove that its Euler characteristic is x(I'y) = 1. We have that
x(I'y) =Vy — E¢, where Vy, Ef denote the number of vertices and edges of I'y, respectively.

On the one hand, Vy = My + Sy + Iy + Cy where My, Sy, Iy, Cy denote the numbers of
vertices of each type: maximum/minimum, saddle, regular or singular circles, respectively. Note
that V¢ # 0 by Proposition 4.

Since the set of Morse functions is dense in the set of MB functions, there exists a Morse
function g : S2 — S such that M, = M; and S, = S;. Then from the Morse formula follows
that My — Sy =M, — S, = X(SQ) =2

By Euler’s formula Ey = 1 3" deg(v;) where v; are the vertices of I'y and deg(v;) is the degree
of v;, that is, the number of edges adjacent to v;. Since f is a simple MB function, the degree
of each vertex of maximum/minimum type is 1, while of regular type is 2 and of saddle type is
3 (see again Figure 8). Hence,

My — Sy

1.
2

1
X(Ff) = Vf—EfZMf-‘rSf-i-If-l—Cf—§(Mf+21f+20f+35f) =
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FIGURE 9. MB-Reeb graphs associated to f and g.

Example 6. Let f, g: S? — St be two simple MB functions given by the radial projections as
in Figure 9. Then their respective MB-Reeb graphs are given as appear in Figure 9.

According to the Example 6, both MB functions share the same classical Reeb graph, but
their MB-Reeb graphs are distinct. The function f is a no surjective map, whilst g is surjective.
Therefore, f and g are not topologically equivalent. This shows that the classical Reeb graph is
not enough to distinguish between these two simple MB functions.

Remark 11. 1. The MB-Reeb graph was inspired on the invariants used in the works
[6, 16]. However, the MB-Reeb graph contains some extra information. In fact, it
has vertices corresponding to the reqular connected components of f~1(v), where v is a
critical value, and white vertices corresponding to singular circles.

2. If f : S? — S is not a surjective MB function, then f may be regarded as a MB
function from S? to R (via stereographic projection) and we can apply the results of [16]
to the MB-Reeb graphs.

3. The regular vertices in MB-Reeb graph distinguish between surjective and no surjective
case.

Example 7. Let h : S — S be a simple MB function given by the radial projection as in
Figure 10. Notice that the function h has the same type of singularities as the function g in
Ezample 6, but their MB-graphs differ by three reqular vertices.

It is obvious that the labeling of vertices of the MB-Reeb graph is not uniquely determined,
since it depends on the chosen orientations and the base points on each S'. Different choices
will produce either a cyclic permutation or a reversion of the labeling in the MB-Reeb graph.
This leads us to the following definition of equivalent MB-Reeb graphs.

Let f,g:S* — S! be two simple MB functions. Let I'f and I'y be their respective MB-Reeb
graphs. Consider the induced quotient maps f : ry— S}c and g:I'y — S;, where S'l, S; denote
S1 with the graph structure whose vertices are the critical values of f, g, respectively.
Definition 12. An isomorphism between two graphs T'y and T is a bijection f from V(T'1) to

V(T'2), where V(I';) = {vertices of I';}, such that two vertices v and w are adjacent in T'y if and
only if f(v) and f(w) are adjacent in Ts.
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FicUure 10. MB-Reeb graph associated to a surjective simple MB function

Definition 13. We say that I'y is equivalent to I'y and we denote it by I'y ~ T'y, if there
exist graph isomorphisms j : I'y — I'y and [ : S} — S;, such that the following diagram is
commutative: ~
fIVs
Vi —— 4y

jlvfl lsz

alv,
‘/g L Ag
where Vi = {vertices of I'y}, Vg = {wertices of T'y} and Ay and Ay are their respective discrim-
mant sets.

Definition 14. Two MB functions f,g : S> — S are said to be topologically conjugated
if there exist homeomorphisms h : S? — S?, k : S' — S' such that k preserves orientation,
f=kogoh™! and h sends singular fibers of g to singular fibers of f.

For simple MB functions we get the trivial following result:

Proposition 15. If f and g are two topologically conjugated simple MB functions, then the
singular fibers so(f) and syq)(g) are homeomorphic.

Theorem 16. Let f,g : S — S be two simple MB functions. If f and g are topologically
conjugated then their respective MB-Reeb graphs are equivalent.

Proof. Since f and g are topologically conjugated there exist homeomorphisms & : S — S? and
k:S' — S! such that f = kogoh™!. Then h maps singular fibers into singular fibers and
k maps critical values into critical values. Hence h induces a graph isomorphism from I'; to
I'y and k induces a graph isomorphism from S} to S; which give the equivalence between the
MB-Reeb graphs. ([

Theorem 17. Let f, g : S* — S' be simple MB functions and 'y and T, their respective
MB-Reeb graphs. If I'y and Iy are equivalent then f and g are topologically conjugated.

Proof. Since I'y ~ Ty, there exist graph isomorphisms j : I'y — I'; and [ : S} — S; as in
Definition 13. We choose a homeomorphism h : I'y — I'; and a diffeomorphism £ : S}c — S;

which realize the graph isomorphisms j, [ respectively and such that goh = ko f.
Since ko f is topologically conjugated to f then by Theorem 16 we have I'yo; ~ I'y. Moreover,

these graphs are the same because ko f = ko f. In other words the following diagram is
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commutative:

ng>51

Th/
kof
'y

For simplicity, we write simply f instead of ko f. By construction h(Vy) =V, but now f and ¢
have the same critical values v1,...,v, € S'. We choose a base point and an orientation in S*
and assume that v; < vy < ... < v,.

Denote by arc(a, b) the oriented arc from a to b, where a and b are regular distinct values of
f in S1, and by arc(a,b) its closure. Then, for both a and b we choose €, > 0 and ¢ > 0 such
that A := arc(a + €,,b — ¢;) and B := arc(b+ €, a — ¢,) have only regular values of f. Notice
that the restrictions maps

for=1 71 (A) = A, fo=f:f""(B) = B,
ga =9 g "(A) = A, g:=g:9 "(B)— B,

can be considered MB functions with values in R. Then by Theorem 3.17 of [16], there exist
homeomorphisms h, : f~1(A) = g~ 1(A) and hy : f~1(B) — g~ 1(B) such that f, = g, o h, and
fo=gvohy, because I'y, ~ T’y and I'y, ~ T'y,.

Notice that the boundary of the sets f~(4), f~*(B), g~ *(A4), g~ 1(B) is formed by a finite
number of disjoint closed curves. We can assume that the homeomorphisms h, and h, when
restricted to the boundary preserve orientation. Then, we can extend the homeomorphisms h,
and hy, to f~1(arc(a — €q,a + €,) Uarc(b — €, b + €)) such that they coincide in

fHarc(a — €q,a+ €,) Uarc(b — e, b+ €))

(for details of extensions of homeomorphisms see [23]).
We now define a map H : S — S? given by

S ha(x), ifxze fl(arc(a — €4, b+ €)),
H(z) = {hb(x), if z € f~(arc(b— e, a + €4))-

By construction, h, = hy, on f~!(arc(a — €4,a + €,) U arc(b — €y, b + €3)). Therefore, H is well
defined. Moreover, H : S? — S? is a homeomorphism which conjugates f and g. Hence, f and
g are topologically conjugated. [l

Remark 18. In the Example 6, if we do not consider the reqular vertices in the MB-Reeb graphs
associated to f and g, then these graphs would become indistinguishable (and hence equivalent).
However, the functions f and g are clearly not topologically conjugated.

5. REALIZATION THEOREM

In this Section we present the second main result of this paper: a realization theorem for
circle-valued simple Morse-Bott functions on S2. In fact, the Theorem 20 gives necessary and
sufficient conditions for a finite connected directed tree G to be associated to a simple Morse-Bott
function on S? with values in S'. An analogous result was proved in [16] for a graph associated
to a simple Morse-Bott function on an orientable closed surface with values in R.

We recall some basic terminology from topological graph theory which did not appear in the
previous sections (more details see [10]).
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A directed graph G consists of a finite nonempty set V' of points together with a prescribed
collection E of ordered pairs of distinct points. The elements of V are called vertices and the
elements of F are directed edges or arcs. Denote by e = (u,v) an edge of G. Then, the edge goes
from vertex u to vertex v and it is incident with u and v. We also say that e is adjacent to v
and v is adjacent from u. The outdegree of a vertex v, denoted by e, is the number of vertices
adjacent from it, and the indegree, denoted by e/, is the number of vertices adjacent to it. The
sum of the indegree and the outdegree of v is called the degree of v. A source vertex is a vertex
with indegree 0 and a sink vertex is a vertex with outdegree 0. Given two vertices u,v of G a
path connecting u and v is denoted by [u,v]. Of course, if u and v are consecutive vertices of G
then the path [u,v] is an edge of G. A directed path connecting v and v is a path from u to v.

Definition 19. A graph is n-partite if it can be partitioned into n disjoint independent sets,
called partite sets. Fdges in a n-partite graph are interpartite, having endpoints in different
partite sets.

By Definition 19, a n-partite graph has no intrapartite edges, that is, edges between vertices
in the same partite set.

Let G be any finite connected directed tree. Denote by Vg the set of all vertices of G having
degree 1, degree 2 (of type sink or source) and degree 3.

Theorem 20. Let G be a finite connected directed tree. Then G can be realized as the MB-graph
associated to a simple MB function f : S2 — S if and only if the following conditions are
satisfied:

i) The vertices of G only have degree 1,2 or 3.

ii) The vertices of degree 3 have indegree 1 and outdegree 2 or indegree 2 and outdegree 1.

iii) The tree G is n-partite, where n = Vg, and each partite set has one, and only one
element of Vg.

iv) The direction of G induces an order in the set Vg and a natural quotient map v : G — S*
that identifies each partite set with a point wy,...,w, € S'. Consequently, if in a
directed path of G the only two elements of Vg are the initial and terminal vertices of the
path, then the number of vertices with indegree 1 and outdegree 1 in the path is:

(a) §Vgk+j—i—1 ifv; is the initial vertex and v; in the terminal vertex of the directed
path connecting v; and v;.

(b) 8Vg(1+k)—(j —i+1) if v; is the initial vertex and v; in the terminal vertex of the
directed path connecting v; and v;.

where 1 < i < j <n and k is the number of vertices in the path that belong to the partite

set associated to w;.

Proof. (=) Let G = I'y be the MB-Reeb graph associated to a simple MB function f: 5% — S*.
The conditions (i) and (ii) are consequence of the type of singularities in a MB function and
from the definition of the MB-Reeb graph.

Let wy,...,w, € S be the critical values of f. We choose a base point wg € S' and an
orientation in S*, reordering the critical values wy < w; < ... < w, and labeling the vertices of
I'ybyie{l,...,n}if the vertex is associated to critical value w;. Consider y the natural quotient

map induced by f mapping each vertex of label i of I'f to its respective critical value w; € S*.
Then ' can be partitioned into r disjoint independent sets v~ *(w1), v~ (ws), ...,y (w,), and
since f is a simple M B function each set contains only one critical vertex. Moreover, the edges
of I'y correspond to the connected components of v~!(ay), where aq, s, ..., a, are the arcs of
S1 limited by two consecutive critical values of f. The map + is continuous, then the edges of
I'y have endpoints in different partite sets. Consequently I'; is a n-partite graph.
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Since I'y is a tree, given any two vertices ¢ and j of I'¢, there exists an unique path connecting
i and j, denoted here by [i, j]. Moreover, regular vertices have degree 2, then all regular vertices
of I'y belong to some path connecting critical vertices.

Let ¢ and j be two any critical vertices of I's, with ¢ < j. Suppose that [¢, j] does not have other
critical vertices. Then, the points of [i, j] are associated to the values of f takes in arc(w;,w,)
or in arc(wj,w;) of S* (see Figure 11).

€
(-

FIGURE 11. Possible arcs connecting w; and w;.

Of course arc(w;,w;) contains j—i—1 critical values in its interior. By other hand, arc(w;, w;)
contains V¢ — (j —i — 14 2) = §Vy — (j — i + 1) critical values in its interior.

Since each vertex is associated to a critical value of f and taking into account that f can be
a surjective function, we have two possibilities for the number of regular vertices contained in
[2, ]:

i) #Vik +j —i— 1, if [4, 5] is associated to arc(w;,w;),

i) gVy(1+ k) — (j —i+1), if [4, 5] is associated to arc(w;, w;),
where k € Z is the number of regular vertices associated to the critical value w; which are in
(2, J].

(<) Let G be any finite connected directed tree satisfying the conditions (i)-(iv) in Theorem
20.

By (iv), the direction of G induces an ordering in the set Vg and a natural quotient map
~v : G — 8! that identifies each partite set with a point ws,...,w, € S'. Let B1,82,...,0n
be arcs of S! containing ws,...w,, respectively, such that each w; belongs only to the arc j3;,
i=1,...,n.

For each i = 1,...,n, consider v~ 1(f3;). By condition (iii), each set v~1(3;) has one and only
one element of Vg. Let v; be such critical vertex in y~1(3;). By condition (i) and (ii) and from
Definition of Vg, the vertex v; has degree 1 or degree 2 (of type sink or source) or degree 3. By
condition (iv), each y~1(f3;) can also has vertices of degree 2 with indegree 1 and outdegree 1.
According to the degree of critical vertex v; € y~1(f3;), we can constructed a neighborhood N;
in S2 as follows:

If e, and e;:, are the outdegree and indegree of v;, respectively, then NV, is the compact surface
obtained from S? without e, + e -disks. However, N; may not be connected. The Figure (12)
illustrates how these neighborhoods can be constructed.

Using the same arguments and ideas by Matsumoto and Saeki (see more details in the proof
of Theorem 5.1 in [17]), we can consider MB functions f|n, : N; = R, i=1,...,n.

Let us now constructed a desired simple Morse-Bott function f : $2 — S! by gluing the
above-constructed MB functions f|n, : N; = R, i =1,...,n, according to the ordering given in
condition (iv). Hence, it follows that G is isomorphic to the MB-Reeb graph of f : S? — S!, as
required. O
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FIGURE 12. Examples of neighborhoods N; in S?, according to the degree of
critical vertex v; € y~1(5;).

Remark 21. Given the neighborhoods of critical vertex N; as in the Theorem 20, consider
standard embeddings ¢; : N; = R3,i=1,...,n.

Once more, we can apply the same arguments and ideas by Masumoto and Saeki (cf. [17]) to
construct an embedding ¢ : S — IR? by gluing the above-embeddings ¢;, i = 1,...,n, according
to the ordering given in condition (iv). Notice that the quotient map v : G — S induces in a
natural way a radial projection 7 : $(S?) — S'. As a consequence, the function f constructed
in the Theorem 20 can in fact be seen as f = mo ¢.

In this way, we show that any finite connected directed tree satisfying the conditions (i) - (iv)
of Theorem 20 can be realized as the MB-Reeb graph of a radial projection associated with an
embedding of S? into R3. In other words, we have the following result:

Corollary 22. Let G be a finite connected directed tree satisfying the conditions (i) - (iv) as
in the Theorem 20. Then, there exist an embedding ¢ : S?> — R3 and a radial projection
7 ¢(S?) — St such that f = 7o ¢ is a simple Morse-Bott function whose MB-Reeb graph is
isomorphic to G.
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