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GEOMETRY OF D, CONFORMAL TRIALITY AND SINGULARITIES OF
TANGENT SURFACES

GOO ISHIKAWA, YOSHINORI MACHIDA, AND MASATOMO TAKAHASHI

ABSTRACT. It is well known that projective duality can be understood in the context of
geometry of A,-type. In this paper, as Dj-geometry, we construct explicitly a flag manifold,
its triple-fibration and differential systems which have D4-symmetry and conformal triality.
Then we give the generic classification for singularities of the tangent surfaces to associated
integral curves, which exhibits the triality. The classification is performed in terms of the
classical theory on root systems combined with the singularity theory of mappings. The
relations of D4-geometry with G2-geometry and Bs-geometry are mentioned. The motivation
of the tangent surface construction in D4-geometry is provided.

1. INTRODUCTION

The projective structure and the conformal structure are the most important ones among
various kinds of geometric structures. For the projective structures, we do have an important
notion, the projective duality. Then we can ask the existence of any counterpart to the projective
duality for the conformal structures. Let us try to find it from the view point of Dynkin diagrams.
The projective duality can be understood in the context of geometry of A,-type. In fact, Dynkin
diagrams of A,-type, which lay under the projective structures, enjoy the obvious Zy-symmetry.
It induces the projective duality after all. On the other hand, the base of the conformal structures
is provided by diagrams of type B, and D,. We observe that only the diagram of type D,
possesses Gs-symmetry. In fact, among all simple Lie algebras, only D4 has G5 as the outer
automorphism group.

The triality was first discussed by Cartan ([7], see also [19]). Then algebraic triality was
studied via octonions by Chevelley, Freudenthal, Springer, Jacobson and so on ([21]). The real
geometric triality was studied first by Study [22]. Porteous, in [20], gave a modern exposition
on geometric triality. Note that in [20], the null Grassmannians in B,- and D,-geometry are
called “quadric Grassmannians” and the Dy triality is called “quadric triality”. For relations to
representation theory of SO(4,4) and to mathematical physics, also see [10][18].

The triality has close relations with singularity theory, in particular, theory of simple singular-
ities (see [3]). The Dy-singularities of function-germs, wavefronts, caustics, etc. have the natural
G3-symmetry and also the relations of Dy-singularities and Ga-singularities are found([2][9][19]).

In general, for each complex semi-simple Lie algebra, to construct geometric homogeneous
models in terms of Borel subalgebras and parabolic subalgebras is known, for instance, in the
classical Tits geometry ([23][24][1]). However it is another non-trivial problem to construct the
explicit real model from an appropriate real form of the complex Lie algebra, with the detailed
analysis on associated canonical geometric structures. Moreover singularities naturally arising
from the geometric model provide new problems. We do treat in this paper both the realization
problem of geometric models and the classification problem of singularities for Dj.

2010 Mathematics Subject Classification. Primary 58K40; Secondary 57R45, 53A20.
This work was supported by KAKENHI No. 22340030, No. 22540109, and No. 23740041.


http://dx.doi.org/10.5427/jsing.2015.12c

28 GOO ISHIKAWA, YOSHINORI MACHIDA, AND MASATOMO TAKAHASHI

We would like to call a “conformal triality” any phenomenon which arises from this &3-
symmetry of D4. In this paper, we construct an explicit diagram of fibrations, which is called
a tree of fibrations, or a cascade of fibrations or a quiver of fibrations, and associated geomet-
ric structures on it with D4-symmetry. Moreover we show, as one of conformal trialities, the
classification of singularities of surfaces arising from conformal geometry on the explicit tree
of fibrations arising from the D4-diagram. The appearance of singularities often depends on
geometric structure behind. Thus the geometric triality becomes visible via the triality on the
data of singularities.

We provide, as the real geometric model for Dy-diagram, the tree of fibrations on null flag man-
ifolds on the 8-space with (4, 4)-metric in §2. In §3, we recall the structure of so(4,4) = 0(4,4),
the Lie algebra of the orthogonal group O(4,4) on R*%, as a basic structure of our constructions,
and then we describe the canonical geometric structures. In §4, we give the statement of the
main classification result (Theorem 4.3). We describe explicitly the tree of fibrations of Dy in
65, and the canonical differential system on null flags in §6, where Theorem 4.3 is proved. In §7,
we provide one of motivations for the tangent surface construction in D4-geometry, introducing
the notion of “null frontals”, and a relation to “bi-Monge-Ampere equations”.

The authors thank to the referees for valuable comments to improve the paper.

2. NULL FLAG MANIFOLDS ASSOCIATED TO D4-DIAGRAM

Let V = R** and (- |-) be the inner product of signature (4,4). A linear subspace W C V is
called null if (u|v) = 0 for any u,v € W. We set

Qo :={V1 | V1 CV, dim(V;) = 1,V; is null}.

Then @ is a 6-dimensional quadric in the projective space P7 = P(V) = G1(V). The set of
2-dimensional null subspaces,

M :={Va | Vo CV, dim(Va) = 2, V3 is null},

is a 9-dimensional submanifold of the Grassmannian G2(V). The set of 3-dimensional null
subspaces,

R:={V3|VzCV, dim(Vs) = 3, V3 is null},

is a 9-dimensional submanifold of the Grassmannian G3(V).

The totality of maximal null subspaces, namely, 4-dimensional null subspaces, form disjoint
two families Q@ = {V;'} and Q_ = {V, }, which are both 6-dimensional submanifolds of the
Grassmannian G4 (V).

Remark 2.1. We have diffeomorphisms Qp = Q4 = Q_ = SO(4) = 53 xz, S, where S3 x 7, 53
means the quotient by the diagonal action of the Zs-action on S® by the antipodal map (see
[20][18]).

For any V;" € Q4 and V,” € Q_ from the two families, we have that
dim(V," NV, ) =1 or 3.

We call V;' and V incident if dim(V,;" NV,") = 3. For W, W' € Q (resp. W,W' € Q_) from
one family, we have dim(W NW’) = 0,2 or 4. For any V3 € R, there exists unique incident pair
V4Jr € Q4+, V, € Q- with V3 = V4Jr NV, . For null subspaces V;,V; C V of dimensions i, j
respectively with ¢ < j, we call them incident if V; C V;.
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Now we consider flags of mutually incident null subspaces in R**. We define the 11-
dimensional flag manifold

N = {(V,V;'\V7)€QoxQr xQ_ | Vs cV;tnV,, dim(V," NV, ) =3}
= {(V,V;", V) € Qo x Qe x Q_ | V1, V",V are mutually incident.},
which is diffeomorphic to
N":={(V1,V3) € Qo x R| V1 C V3}.
In fact the map ® : N — N’ defined by ®(V4,V,", V") = (V4,V," N V") is a diffeomorphism.
Moreover we define the 12-dimensional complete flag manifold
Z = {(Vi,Va, Vi V) €EQux M x Qe xQ_|VicVaCV,F NV,
dim(V;" n V") = 3},
which is diffeomorphic to
7' ={(V1,Va,3) € Qo x M x R |V, C Vo C V3},

by the diffeomorphism (V3, Vo, V7, V") = (Vi, Vo, V,E NV
Thus we get the tree of fibrations for the Dy-diagram:

Pl —  Z2(C N x M) +—— P'x Pl x P!
™ N M
11
N A0

SR RN
Q5 Q% Q%
where 7wy, war, ), 7. and 7’ are natural projections.

Let O(4,4) be the orthogonal group of V = R**, and g = 0(4,4) its Lie algebra. Note that
0O(4,4) has 4 connected component. Let O(4,4), be the identity component of O(4,4), and G
the universal covering of O(4,4).. Then G is a simply connected Lie group having g as its Lie
algebra. Here we consider the Lie group G in order to realize the triality not only in the level of
Lie algebras but also in the level of Lie groups ([18]).

In the above diagram, each flag manifold is in fact G-homogeneous, as well as O(4,4)-
homogeneous, and each projection is G-equivariant.

The lower left diagram indicates the conformal triality.

3. GRADATIONS TO 0(4,4) AND GEOMETRIC STRUCTURES ON NULL FLAG MANIFOLDS

We recall the structure of g = 0(4,4), the Lie algebra of the orthogonal group O(4,4) on R**,
that is the split real form of 0(8, C). See [11][6][25] for details and for other simple Lie algebras.

With respect to a basis e, ..., es of R*»* with inner products
1
(ei|697j) = 567,]7 1 S @a] S 8a
we have
0(4,4) = {A€gl(8R)|'AK + KA = O},

= {A = (aij) S g[(&R) ‘ a9g—j,9—i = —Qjj, 1<4,5< 8}7

where K = (k;;) is the 8 x 8-matrix defined by k;9_; = 16;;. Let E;; denote the 8 x 8-matrix
whose (k, £)-component is defined by d;56;¢. Then

h:=go=(Eii—Eg_ig—i |1 <i<4)r
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is a Cartan subalgebra of g. Let (¢; | 1 < i < 4) denote the dual basis of h* to the basis
(Eii — Eg—ij9—; | 1 <1 <4) of h. Then the root system is given by £e; £¢;,1 <i < j <4, and
g is decomposed, over R, into the direct sum of root spaces

=(Ei9-; — Ejo_i)r,
O cite; = (Eji — Eo_ig_j)R, §—c,—c; = (Fo_ji — Eo_i j)R,

(1<i<j<4).
The simple roots are given by

Oei—e; = (Eij — Eo_jo_i)R, Oeite;

Q] 1=€] — €2, Qg :=€Eg—E3, (3 :=E3 — &4, Q4 :=E3+Ey.

(The numbering of simple roots is the same as in [5] and is slightly different from [18].)
By labeling the root just on the left-upper-half part, we illustrate the structure of g:

€1 (&3] a1+ | ap +ag | oy + ag o1 + Qo a1 +20&2 0
+as3 +ay +az+ayq | taz+ oy
—Q €9 %) Qo +aQa3 | o +0ygq | Qg+ a3 0
+auy
—Q] — (2 —Q2 €3 Q3 Qg 0
—Q] — Qg —Qg — Q3 —Q3 €4 0
—as
—] — Q2 —Q2 — Oy —0y 0 —&4
—ay
—Q] — Q2 —Qo — Q3 0 —E3
—Q3 — Qy —Qy
—aq — 20 0 —€2
—a3 —ay
0 —&1

The Borel subalgebra is given by g>0 = go © ), da, the sum of Cartan subalgebra b = go
and positive root spaces g, with respect to the simple root system {aq, ag, @z, aq}.

We take parabolic subalgebras g', g2, g*, g*, where g’ is the sum of g>( and all g, for a negative
root a without a;-term. For instance,

o' =(Eij —Bo_jo—i |2<j<T7,1<i<8—j)r+ (E11 — Fss)r.
Moreover we have a parabolic subalgebra
g% =g Ng’Ng' = 020 © g
Let Ad : G — GL(g) denote the adjoint representation, B (resp. G*) the normalizer in G

under Ad of the subalgebra g>q (resp. the subalgebras g, i = 1,2,3,4). Then B (resp. G') has
g>0 (resp. g') as its Lie algebra. The subgroup

G =G'ncnagt
has g'3* as its Lie algebra. Then the flag manifolds Z, Qg, M, Q.,Q_ and N are G-homogeneous
spaces with isotropy groups B, G', G2, G2, G* and G'3* respectively. We have

Z=G/B, Qy=G/G'", M =G/G?, Q, =G/G*, Q_=G/G* N =G/G".
Define the linear isomorphisms o, 7 : b* — h* on the dual space

h* = (e1,€9,€3,€4)r = (@1, 2, a3, )R
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of the Cartan subalgebra h by

olar) = as,0(ae) = ag,0(as) = ay,0(ay) = ag,
and

T(o1) = a1, 7(az) = as, 7(a3) = ay, 7(ay) = as,

which induce Lie algebra isomorphisms o, 7 : g — g, expressed by the same letters, satisfying

0(9+a1) = Btas, 0(G+az) = Bas, 0(G+as) = Otas; 0(84as) = Oty
and
T(gial) = giauT(giag) = giazaT(giag) = B+ay> T(gia4) = O4a3-
(See the related references [18] §1.8, [19] §7.1. For the general theory, see [11] Ch.III, Theorem
5.4.)
The isomorphisms o, 7 are of order 3,2 respectively. Thus g has G3-symmetry. Since G,

the universal covering of O(4,4)., is simply connected, the G3-symmetry on g lifts to the S3-
symmetry of G. In particular the associated isomorphism o : G — G satisfies

o0(B) = B,o(G') = G3,0(G?) = G?,0(G?) = G*,0(G*) = G, 0(G134) = G134,

Thus, in particular, we have induced diffeomorphisms Qg = Q4+ = Q_.

The null quadric Qo C P(V) = P(R**) has the canonical conformal structure of type (3,3).
In fact, for each V; € Qq, consider Vi C V' = R**. Then the tangent space Ty, Qo is isomorphic
to Vi /Vi, up to similarity transformation. Therefore the metric on V induces the canonical
conformal structure on Qg of signature (3,3). In other words, the conformal structure on Qg is
defined by the quadric tangent cone C, of the Schubert variety

Sy ={W1€Qo | W1 V=PV NQo C Qo,

for each z = V; € Q. Note that S, = momy,/ a7y (), in terms of the tree of fibrations.
Also @, (resp. Q_) has a conformal structure of type (3,3). In fact, for each y = V.5 € Qu,
the Schubert variety

SE={WieQys | WunV; #{0}} C Qs
induces invariant quadratic cone field (conformal structure) C’;t on @+ defined by the Pfaffian,
respectively. Note that S;t = Wiw&leﬂil(y). The triality

Qo=0Q+=Q-

preserves the conformal structures.

Now we turn to construct the invariant differential systems on null flag manifolds.
Let
g-1:=0-0a; DI-a; DF—a; DI—ay-
The subspace
g>-1=0-1@g20=0"" +¢°
in g satisfies Ad(G)(g>_1) = g>_1 and defines a left invariant distribution E on G, which induces

the standard differential system E C T'Z with rank 4 and with growth (4, 7,10, 11,12) (see [25]).
In fact we can read the growth from the above table. We call E the Dy Engel distribution on Z.

Remark 3.1. We would like to call the distribution £ “Engel”, simply because it lives on the
top place (heaven) of our real spaces, referring the contributions of the mathematician Friedrich
Engel on the theory of Lie algebras.
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The flag manifold M? has the canonical contact structure Dy, with growth (8,9). In fact we
define the subspace
00r = (G—e1+es D G—cotes D Pcrhey D Iocotes
@ 9*61764 @ 9782764 @ 9761753 69 9762763) @ 92
= (8-c1-02 ® -0, D J-a1-as—as D §-az—as

@ J—o1—ar—oy @ G—ar—ay @ J—a1—az—asz—ay ® g—a2—a3—044) ® 92
in g. Then we have that Ad(G?)dy; = 0y and therefore 0y, defines the invariant distribution
Dy C TM = T(G/G?) with rank 8, which is a contact structure. We call Dy the Dy contact
structure on M.

The contact structure Dj; carries a structure of 2 x 2 x 2-hyper-matrices and it possesses a
Lagrange cone field defined by a decomposable cubic. In fact, define the subalgebra g3, of g by
90 7= 00 D Oy D Gtay D Gtan-

Then g3, is isomorphic to sl(2,R) & sl(2,R) & sl(2,R) & R and it acts on 95,. Thus the group
SL(2,R) x SL(2,R) x SL(2,R) x R* acts on the contact structure D,;. We set
O = 00 B Oy B 0% 03y = 0 @ O—cz—as D 0% M =00 @ Oasa, DO
Then they induce subbundles D},, D3,, D3, of rank 2 on M respectively. Moreover an isomor-
phism
/0% = (03/9%) ® (03,/9%) ® (03/9°)
between vector spaces of dimension 8 induces an isomorphism
Dy = Dy, @ DY, @ Dy

of vector bundles on M. This means that the distribution Dj; has a structure of 2 x 2 x 2-hyper-
matrices. By the diagonal action of SL(2,R) we have a Lagrange cone field in Dy, which we
call the D4 Monge cone structure on M.

The flag manifold N'! has a distribution Dy with growth (6,9,11) with a direct sum decom-
position into three subbundles of rank two. We define the subspace

oy = (g—€1+62 S g—€1+63) S3) (g—€2+€4 S g—€3+€4) S (9—62—64 D 9—63—84) S 9134
= (g—al @ g—Otl—Oé2) EB (g—az—a?, EB g—ll3) EB (9—012—044 EB g—a4) @ 9134
of g. Then we have that Ad(G**)0x = 0y, and therefore 0y defines the invariant distribution
Dy C TN = T(G/G**) with rank 6. Define the subalgebra g = go @® g+a, of g. Then g is

isomorphic to s[(2,R) @R ® R @ R and acts on 0. We set

011\/ =0-01 DI-a1—a, D 91347 a?\/ =Pg-as—az DP—az O 91347 aAll\/ =0-as—a, PP-a, D 9134~

Then we have an invariant decomposition
Dy = Dy @ D¥ @ DYy,
into subbundles DY, D3, D} of rank 2. We call Dy the Dy Cartan distribution.

Remark 3.2. The D, Engel distributions E on Z and the D, Cartan distribution Dy on N
are related, via the projection my : Z — N, as follows: The pull-back (7x.) " (Dxy) is equal
to the square E? := E + [E, E|] of the distribution E, which is a distribution on Z of rank 7.
The Cauchy characteristic of E? is equal to Ker(my. : TZ — TN). Therefore the reduced space
Z/Ker(my.) is identified with N and the reduction of E? on N is identified with Dy. (See for
instance, [25]).
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Remark 3.3. We can compare the above mentioned facts with Gs-diagram: We consider the
purely imaginary split octonions ImQ’ with the inner product of type (3,4) and consider the
null projective space N° (resp. the null Grassmannian M?, the flag manifold Z%) which consists
of 1-dimensional null subalgebras (resp. 2-dimensional null subalgebras, the incident pairs of
1-dimensional null subalgebras and 2-dimensional null subalgebras) for the multiplication on the
split octonions @'. The flag manifold Z has the Engel distribution with growth (2,3,4,5,6), N°
has a distribution with growth (2, 3,5), and the null projective space M® has a contact structure
with growth (4,5) with a cubic Lagrange cone field ([15])

4. D4-TRIALITY AND SINGULARITIES OF NULL TANGENT SURFACES
We consider the canonical projections
mg=mnponN: L — Qo, Ty =T onN L — Qy, T_=n_onN:Z — Q_,

and the diagram

712 M MO
o' Tyl TN\
Q5 Q4 Q%

induced by D4 Dynkin diagram.
The D4 Engel distribution E on Z is described from the tree of fibrations, by

E = (kermox Nkermy, Nkerm_,) @ kermpre C TZ,

which is of rank 4. We regard the definition of E as the standard differential system for o(4,4)
in §3.
Acurve f: I — Z on Z is called E-integralif it is tangent to F, namely, if f.(T1) C E(C TZ).

Definition 4.1. For the given (indefinite) conformal structure {Cy},eq, on Qo, we call a curve
v : I — Qo a null curve if
7'(t) S C,Y(t), (tel).
A geodesic on Qg is called a null geodesic if it is a null curve.
A surface F': U — Qo is called a null surface if

F*(TUU) C Cp(u), (’LL S U).
The same definition is applied also to Q+.

Proposition 4.2. (Guillemin-Sternberg [10]) The null geodesics on Qq for the conformal struc-
ture on Qo are given by null lines, namely, projective lines on Qo C P(V) = P(R**).

We will take null geodesics, namely, null lines as “tangent lines” for null curves in Qy. Note
that any null line in Qg is given by mo(my(Va)) for some Vo € M. Then we are naturally led
to consider tangent surfaces of null curves in Qp, @+ and Q_. For Q4 we take, as the family of
“lines” in Q4,

me(mf (Vo)) = {(Wa € Qe | Vo C Wi}, Vo€ M.

If we consider a special class of null curves which are projections of E-integral curves f : I — Z
to Qo, @+ or @Q_, then their tangent surfaces turn to be null surfaces in Qp, @+ or — in the
above sense. In fact we show later more strict results (Proposition 7.4).

For M, we regard

7TM(7"071(V1> ﬂﬂ'jrl(vf) HW:I(V[)) ={W | Vi CWy C V4+ NV, (V17V4+7V[) €N,

as lines in M.
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We will give the explicit classification of singularities of “tangent surfaces” in the viewpoint

of geometry of Dy-triality:

Theorem 4.3.

(Triality of singularities.)

For a generic E-integral curve f :

I — Z, the

singularities of tangent surfaces, to the curves vog = mpo f,y =nwyof,yv- =m_of,ymy =7pof

on Q07Q+7Q77M7

Tan(vo) = oy, mar f(1)(C Qo),

Tan(y1) = mpm manf (1)(C Q)

Tan(y-) = m_myitma f(1)(C

Q-),

Tan(yar) = mas (g ' mo S (1) Ny ey () A m =t (1)) (C M),

at any point t € I is classified, up to local diffeomorphisms, as follows:

Tan(yo) Tan(v+) Tan(y-) | Tan(ym)
CE CE CE CE
0SW CE CE CE
CE 0SwW CE CE
CE CE 0SW CE
oM oM oM 0SW

Here CE (resp. OSW, OM) means the cuspidal edge (resp. open swallowtail, open Mond sur-
face).

The cuspidal edge (resp. open swallowtail, open Mond surface) is defined as a diffeomor-
phism class of the tangent surface-germ to a curve of type (1,2,3,---) (resp. (2,3,4,5, ),
(1,3,4,5,---)) in an affine space. The type of a curve is the strictly increasing sequence of
orders (degrees of initial terms) of components in an appropriate system of linear coordinates.

Their normal forms are given as follows:

(RG’ 0)7

CE : (u,t) > (u,t? — 2ut,2t> — 3ut?,0,0,0), (R%0) —
( (R%,0),

= (u, t? — 2ut, 2t — 3ut?,0,0,0,0,0,0), (R2,0) —

— 3ut, t* — 2ut? 3t° — 5ut?,0,0), (R?,0) —
— 3ut, t* — 2ut?, 3t° — 5ut®,0,0,0,0,0), (R? 0) —

(R®,0),

OSW : (u,t) — (u,t3
( (R?,0),

u, t) = (u, t3
qut3, 4t° — 5utt, 0,0), (R%,0) — (RS0

oM (u, 2% — 3ut?, 3t* —

EQ=

open Mond surface

(u,t) =

cuspidal edge open swallowtail

The classification is performed in terms of the classical theory on root systems combined with
the singularity theory of mappings. From the root system which defines the flag manifolds, we
have the type of an appropriate projection of the E-integral curve and we can determine the
normal forms of tangent surfaces.
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We have the following sequence of diagrams from the Dy4-diagram by “foldings” and “remov-
ings”:

Dy

"
A3 = D3+ B3

VR VR

AQ(*CQ = BQHGQ.

In fact for each Dynkin diagram P we can associate an explicit tree of fibrations Tp. See for the
general theory [4]. A folding of Dynkin diagram P — @ corresponds to an embedding Tp — Tp
of tree of fibrations, and a removing R — S corresponds to a local projection T — Tg. In
fact, an embedding g(P) — g(@) is induced, via the root decompositions, from a folding P — Q
such that any parabolic subalgebra of g(P) is the pull-back of a parabolic subalgebra of g(Q). A
projection g(R) — g(9) of Lie algebras is induced by a removing R — S such that any parabolic
subalgebra of g(R) projects to a parabolic subalgebra of g(S).

From this perspective on Dynkin diagrams, we can observe relations between geometry, sin-
gularity and differential equations arising from diagrams of fibrations.

For example, in Go-diagram, the singularities of tangent surfaces to projections of a generic
E-integral curve on Z% to N°, M® respectively has the duality

CE <+— CE,
OM <+— OSW,
OGFP <+— OS.

Here OGFP (resp. OS) means the open generic folded pleat (resp. open Shcherbak surface) which
is the tangent surface to a generic curve of type (2,3,5,7,8) (resp. a curve of type (1,3,5,7,8))
([15]) For the cases Cy = By and Aa, see [14][15] and [16].

5. FIBRATIONS VIA FLAG COORDINATES

Let (V1,Va,V3) € Z' = Z'(Dy) or (Vi,Vo, Vit V) € Z = Z(D,) with V3 = V,;" nV,". Then
the flag is completed into the multiple double flag:

c vt c

V1CV2CV3C Vo o
4

Vit c Vit c vt c v =R,

combined with the intermediate Vj‘,V[7 the unique pair of 4-null subspaces containing Vj,
which are contained in V*.

Fix any (V2, V2, VQ) € Z' = Z'(Dy) and set Vi) = V)T N V", Then there exists a basis
e1,es, €3, €4, €5, €, €7, eg of V= R** such that

VP ={ei)r, V3 =(er,ea)r, V5 = {e1,e,e3)R,
VT = (e1,e0,e3,ea)r, VI = (e1,ea,e3,e5)r, Vit = (e1,e,e3,¢e4,€5)R,
VRt = (e1,e0,e3,e4,e5,€6)R, VLT = (e1,e2,e3,€4,65,¢6,€7)R
and with inner products
(erles) = %, (ealer) = %, (esles) = %a (eales) = %,

other pairings being null. Such a basis e, ea, e3, e4, €5, g, €7, eg of V. = R** is called an adapted
basis for (Vi,Va,V3) € Z' = Z'(Dy) or (Vi,Va, V",V ) € Z = Z(Dy). Then the metric on V is
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expressed via the coordinates x1, ..., xg associated to the above basis by
ds? = dxidag + daxsdrr + drsdas + drydas.

For any curve f : I — Z, we can take a moving frame f : I — O(4,4) such that f(¢) is an
adapted basis for f(t), which is called an adapted frame for f.

Remark 5.1. If we set
Z = {(Vi,Va, Vs, Vi) | Vi C Vo C V3 C Vi € R, dim(V;) =4, V; is null,i = 1,2,3,4},

then the projection 7 : Z > Z', 7(V1, Vo, V3, Vy) = (V1,Va, V3) is a trivial double covering. In
fact, if we set

Zy = {(Vl,vg,%,,m €Z|Vie Qi}a

then Z = ZyUZ_, disjoint union, and 7|z, : Zy — Z' is a diffeomorphism. As is seen as above,

we have an embedding 7 into the complete flag manifold ]-'1,273)475,677(R4’4).

Let us give local charts on Z’, Z and Q. Take another flag defined by
WP = (es)r, W3 = (es,er)r, W3 = (es, er,e6)R,
WPt = (es.er,e6,e5)r, W)~ = (es,er,e6,ea)r,  W5T = (es, e, €6, €5, )R,
WL = (eg, er,¢e6,€5,e4,€3)R, WP = (es, e, €6, €5, €4, €3, €2)R,
and take the open neighborhood
U ={(Vi,Va,V3) € Z' | Vi n WL = {0}, Vo n W+ = {0}, Vs n W+ = {0}}

of (V2, V2, V) in Z'. Then, for any (Vi,Va,V3) € U’, there exist unique f1, f2, f3 € V3 such
that f; forms a basis of Vi, f1, fo form a basis of V5 and f1, fs, f3 form a basis of V3 respectively
and they are of form

fi = e+ xoe2 + T3163 + Tar64 + Ts165 + Te166 + Tr167 + Tyies,
fo = €2 + T3oe3 + Tyo€4 + Ts2€5 + Te2€6 + Tr2e7 + Tgoes,
fa = €3 + T43e4 + Ts3€5 + Te3€s + Tr3e7 + Tgses,

for some z;; € R. Then we have

(filf1) = xs1+x2a2n + 231261 + 241251 = 0,
2(filfe) = wxs2 + 21272 + T31%62 + Ta1T52 + T51%42 + Te1232 + 71 = 0,
2(f1lf3) = w3+ wa1273 + T31263 + L4153 + T51043 + Te1 = 0,

(falf2) = @72+ 3262 + T4252 = 0,
2(f2|f3) = @73+ w32%63 + Ta2%53 + T52243 + Te2 = 0,

(f3]f3)

Therefore we see that

T3 + T43T53 = 0.

(I21, L31,L415L51,L61, L71, L32; T42, L52, L62, T3, 3653)

is a chart on U’ C Z'.
Moreover we take
fa = €4+ 5465 + Teas + Tra€7 + Tyaes,
from V" so that fi, fa, f3, f1 form a basis of V,", and take

f5 = xas5e4 + es5 + xe5€6 + Trse7r + Tases,
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from V; so that fi, fa, fs, f5 form a basis of V, . We have

2(f1lfs) = x84+ T21274 + T31%64 + T41T54 + 251 = 0,

2(f2|fs) = x7a+ w32%64 + Ta2254 + 52 = 0,

2(f3|fs) = wxea+ ra3x54 + 53 =0,
(falfs) = w54 =0,

2(f1lfs) = wxss +T21275 + T31%65 + Ta1 + T51245 = 0,

2(f2|fs) = 75+ 32265 + Ta2 + Ts2245 = 0,

2(f3|fs) = x5+ a3 + w53245 = 0,
(falfs) = w45 =0.

We set
U= (Ve Vi Vi) € 2] Va WP = (00, Vo IS = {0}, ViE WA = (0},

Consider the diffeomorphism & : Z — Z’ defined by
(1, Vo, V", V) = (Vi, V2, Vi NV ) (= (Va, Ve, V3)).
Then ®(U) = U’. After replacing 43, 253 by 64, Ze5, we have a chart
(T21, T31, 41, T51, Te1, T71, T32, T42, T52, T62; T64, T65)

on U = &~ 1(U’) C Z and the mapping ® is locally given by just w53 = —xg4, 743 = —Tg5. In
fact other components are calculated as follows:

Tg1 = —IT71T21 — TE1T31 — L5141,

Tr2 = —Te2T32 — T52T42,

Tg2 = 5862(»?322021 - $31) + $52(=’C42$21 - 3341) — T51T42 — T61T32 — T71,
T43 = —Tes,

T53 = —Te4,

T3 = —T5T64,

T3 = TesTe4T32 T TeaTa2 + Te5T52 — 62,

g3 = TesTea(Ta1 — T3a®21) + Tea(Ta1 — Ta2%21) + Tes(T51 — Ts2T21) — Te1 + Te2T21,
T74 = —TeaT32 — T52,

34 = Tea(Ta2w21 — T31) + Ts2T21 — Ts1,

Trs = —Te5T32 — T42,

g5 = Tes(T32@21 — T31) + Ta2®21 — T41.

Now we will explicitly describe 7o, 74, 7— and 7 locally on U C Z.
It is easy to describe g in terms of our charts: Consider the open neighborhood of V¥ € Qy:

Uy :{Vlerl‘/lm _{0}}
Then, using the above notations, (za1, 31, Z41, T51, T61, xn) provides a chart on Uy C Q. More-
over
m : U — Uy
is given by
(T21, 731, Ta1, T51, Te1, T71, T32, Ta2, T52, 62, T64, Tes) = (T21, T31, Ta1, T51, Te1, T71)-
Remark 5.2. We have the description of the conformal structure on @y using the local coordi-
nates: The Schubert variety S, = P(Vi5) N Qo,r = Vi € Qo (see §3) is given in Uy by
{X €U | (X1 — 221)(X71 — 271) + (X531 — 231)(Xe1 — T61) + (Xa1 — 741)(X51 — w51) = 0}

Then the null cone filed C C TQp of the conformal structure on @y is given, in our local
coordinates, by
dxoirdrr + dr3idrer + drgrdrs; =0,
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in terms of the symmetric two tensor.
Next we describe myr. Set
Uy ={Va € M | Van W3+ = {0}},
and take a basis of V5 € M of form
g
ho

Then we have a chart on Uy C M by

el +231€3 + 24164 + 25165 + 26166 + 271€7 + Z81€8,
€9 +23263 + Z42€4 + Z52€5 + 262€6 + zZroer + Z82€s8.

(231, 241, 251, 261, 271, 232, 242, 252, 262)-
Using the modification h1 = f1 — z21 f2, ha = fo, we have that the projection
v U — Uy
is given by

231 = T31 — T32T21, 241 = T41 — T42L21, 251 = TH1 — T52L21, 261 — Tel — Le2L21,
271 = T71 + Te2T32%21 + THaT42T21, 232 = T32, 242 = T42, 252 = T52, 262 = T62-

To describe 7, we set
Up = {Vi" € Q+ | Vif n W™ ={0}}.

and take a basis of V;' € Uy of form

g1 = €1 +ysies +Ysiee tYrier,

g2 = €2 +ys2e5  +Ys2€6 —yries,
gs = €3 —Y64€5 —Ye2€7  —Ye1€8,
g4 = €4 +Yeas —Ys2e7 —Ys1€8.

Then we have a chart on Uy by

(y51, Y61, Y71, Y52, Y62, y64)-

We use the modifications

g1 = fi—xafo— (x31 — T3221) f3 — (a1 — Taow21 — Taz(T31 — T32721)) f4,
g2 = fo—x32fs — (Ta2 — Tazxs2) fu,
g3 = f3—ma3fa.

Then the projection
U —= Uy

is described in terms of our charts, by

Ysi = 51— TsaT21 + Tea(T31 — T32721),

Y1 = Tel — Te2X21 — 1'64(1'41 - 35423521)7

Y1 = X7+ Tea%31 + Tsa%a1 — Tea(Ta2231 — T41232),
Ys2 = 52 + TeaT32,

Y2 = Te2 — Te4aT42,

Yeéa = Tp4-

To describe m_, similarly we set

U_:={Vy €Q_ |V, nW)™ ={0}},
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and take a basis of V, € U_:

g1 = e +ya1€4 +Ye1€6 +Yyrier,

g2 = €2 +Yya2€4 +Ye2€6 —ynes,
gs = €3 —Y65€4 —Ye2€7  —Ye61€8,
g5 = +es +Yesee  —Ya2e7  —Yare€s.

Then a chart on U_ is given by
(y41»y61»y71, Ya2, Y62, y65)-

Use the modifications

g1 = fi—zafo— (x31 - £U325U21)f3 - (9651 — T52%21 — $53($31 - $32$21))f5,
g2 = fa—x3afs — (vs2 — T53732) f5,
93 = [3—x53f5.
Then the projection
_:U—->U_
is given by
Y41 = T4l — T42T21 + 1”65(1”31 - 1‘325521)7
Y1 = Te1 — Te2T21 — $65($51 - SU52$21),
Y1 = T71+ Te231 + T51T42 — £U65(£U515832 - $52$31)7
Ya2 = T42 + Tes5T32,
Y2 = Te2 — Te5T52,
Yeé5 = T65-

Remark 5.3. We have also the description of the conformal structure on @+ using the local
coordinates: The Schubert variety S, = {W € Q4 | W NV # {0}},y = V& € Q4 (see §3), is
given in Uy (resp. in U_) by

{YeUs | (Y1 —ys1) (Yoo — ys2) — (Yo1r — we1)(Ya2 — ys2) — (Y71 — y71) (Yea — yea) = 0},

(resp. {Y € U_ | (Yar —ya1) (Y2 — ye2) — (Yor — y61)(Yaz — yaz) — (Yr1 — y71) (Yes — ye5) = 0} ).
Then the null cone field C C TQ4 (resp. TQ_) of the conformal structure on Q4 (resp. Q_) is
given locally by

dys1dyes — dye1dys2 — dyr1dyss = 0, (vesp. dysidyes — dye1dysz — dyridyes =0 ),

in terms of two tensors.

6. THE ENGEL SYSTEM VIA FLAG COORDINATES

Recall that
E = (kermo. Nkermy, Nkerm_,) @ kermpre C TZ.
First we show

Lemma 6.1. Let f = (V1,Va, V5,V ) € Z and e = (e1, ez, €3, ¢4, €5, ¢6,€7,¢8) be an adapted
basis for f (see §5). For each tangent vector v € TyZ, the following conditions are equivalent to
each other:

(1) The tangent vector v belongs to Ey.

(2) There exists a representative ¢ : (R,0) — (Z, f),c(t) = (Vi(t), Va(t), V, (t),Vy (t)) of the
tangent vector v, with a framing

Vi(t) = (fi))r, Va(t) = (f1(t), f2())m,
Vit (1) = (f1(), f2(0), fs(t), fa(O)m, Vim (8) = (Fi (1), fo(t), f5(1), f5(t))R,
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by a curve-germ f: (R,0) — GL(R**),

F(@&) = (f1(t), f2(0), f3(2), fa(D), f5(2), fo(P), f2 (D), fs (D)),
with f(0) = e, which satisfies that f1(0) € Va, f5(0) € V," NV, .
(3) The tangent vector v satisfies that

T0xv € Ty, (G1(Va)) and masv € Ty, (Go(V,m N V).

Proof. (1) = (2): Let v =w + u,w € ker mo, Nker w4 Nker m_,,u € ker mpr.. Take a frame

g(t) = (g1(t), g2(t), g3(t), ga(t), g5(t), g6(t), g7(t), gs(t))

of V such that g(t) defines the tangent vector u at t = 0 and that (g1 (¢), g2(¢t))r = V2. Take a
frame

h(t) = (ha(t), ha(t), hs(t), ha(t), hs(t), he(t), ha(t), hs(t)))

such that h(t) defines the tangent vector w at t = 0 and that

(hi(t))r = Vi, (ha(t), ha(t), hs (), ha(t))r = Vi©, (ha(2), ha(t), hs(t), hs(t))r = Vi~
with g(0) = h(0) = e. Then the curve f(t) := g(t) + h(t) — g(0) represents v. Moreover
F1(0) = g1(0) + 11(0) € Va, £3(0) = g5(0) + h5(0) € V" NV
The assertion (2) = (3) is clear.

(3) = (1): We take a frame f(t) = (f1(¢), f2(t), f3(t), fa(t), f5(t)) for v such that fi(t) €
Va, fa(t) € V3 = V;F NV, Write

fi = el +xe2,

fo = ez + x3z2es,

fz = €3 — Tes5€4 — Teals + Tezee + Tr3er + Tgzes,
fa = €4 + Tea€p + Trae7 + Tyges,
fs = e5 + Tesee + Trser + Tgses,

with functions z;; = x;;(t) with z;;(0) = 0. Then we have
Tg3 = —X21L73,T84 = —X21L74, L85 = — L2175, L73 = —L32X63, L74 = —L32L64, L75 = —L32L65-

Therefore 2535(0) = 0,2%,(0) = 0, 255(0) = 0,2%5(0) = 0, 2%,(0) = 0, 2%5(0) = 0. We define g(¢)
and h(t) by

g1 = e,

g2 = ez + T32€3,

g3 = €3,

94 = €4,

g5 = €5,

and

hi = e1+xares,
he = €2,
hsy = €3 — Te5€4 — T4C5 + T63€6,
hy = e4 + w6466,
hs = €5 + Tg5€6.

Let w € TyZ (resp. u € TyZ) be tangent vectors defined by the curve g(t) (resp. h(t))
at t = 0. Then w (resp. u) belongs to kermp, Nker 7y, Nkerm_, (resp. to kermpr.). Set
k(t) = g(t) + h(t) — g(0). Then we see that f'(0) = k'(0) = g’(0) + h’(0). Thus we have that
v=w+u € (ker mp. Nker 74, Nkerm_,) ® ker mp/.. O
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Regarding Lemma 6.1, the differential system E C T'Z is given by the condition
f{ S <f1af2>R7fé € <f17f27 f3>R

In terms of component functions z;; introduced in §5, the condition f{ € (fi, fo)r is equivalent
to that for any ¢, there exists p1, ps € R satisfying

(Oa x/21 (t)v x{”)l (t)v xﬁll (t)a :UI51 (t)v m/61 (t)’ IE/71 (t)v ‘r,Sl (t))
=p1(1, 221(t), 231 (1), 221 (t), 51 (L), w61 (), 271 (2), 281 (
T7o

)
+p2(0,0, 232(t), 242(t), T52(t), T62(t), 272(1

t
(t), ws2(t)).
Then p; = 0,p2 = 24, (t) and
(251, 251, 21, 51, Ty, 271, 1) = P2(1, 32, Tag, Tsa, Tea, Tra, Tea)-
Similarly, the condition f5 € (f1, fa, f3)r is equivalent to that, for each t, there exists ¢ € R
satisfying
(255 (1), @p (), 252 (1), w6 (1), 272 (), 2o (t)) = q(1, 243 (1), w53(t), we3(t), w73(t), w83 (1))
Then ¢ = x4,(t). Therefore we have that the differential system F C T'Z on our coordinate
neighborhood U is given by
dryn = ®ipdra1 (3 <1 <8), drjo = xj3drsa(4 <7 <8).

We introduce a weight w;; € R on each component z;;. From the above equations for E, we

impose the relations
wi1 = Wig + w21 (3 <1 <8), wjo =wjz+wsa(4 <5 <8).

Then the weights of all components z;; are well-defined and they are explicitly expressed by

Wa1, W33, Wes and wgs. Moreover we have

Lemma 6.2. (Triality of weights.) The projections mg, w4, 77— and wp are equivariant under the
action generated by the Cartan subalgebra. Fach component of projections for the flag coordinates
is weighted homogeneous. The weights of components of the projections my, w4, 7— to Qo, Q+, Q-
are given by the following table:

Qo Q+ Q-
w21 We5 We4
w32 + w2 Wes + W32 Weq + W32
Weq + W32 + W21 Wes + W32 + W21 Weq + W32 + W21
Wes + W32 + W2 Wes + Wea + W32 Wes + Wea + W32
Wes + Weq + W32 + Wa1 | Wes + Wea + W32 + Wa1 | Wes + Weq + W32 + W21
Wes + Wea + 2w32 + Wa1 | Wes + Wea + 2w32 + Wwo1 | Wes + Wea + 2w32 + w1

The weights of components of the projection mwy; to M are given by

w32, W32 + Wa1, Wes + W32, Wes + W32,
Wes + W32 + Wa1, Weq + W32 + Wa1, Wes + Weq + W32,
Wes + Wea + W32 + Wa1, Wes + Weq + 2W32 + Wa1.

Remark 6.3. We observe that the formula of weights coincides with the formula of negative
(or positive) roots of Dy (see [5] for example). In fact, given a simple root system oy, as, a3, ay,
we identify —ay, —ag, —a3, —aq with way, wss, wes, wes. Then the weight w of a component for
a negative root « is given by w = mjws1 + maowsza + mawes + Mmywey if

= —M10; — Moy — M3Q3 — My04.
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See the following D, diagram with weights wa1, w32, wes, weq at appropriate positions:
Wes

/
N

We4

w21 W32

Then we have the orders of flag coordinates for generic E-integral curves, and normal forms
of singularities appeared in tangent surfaces.

Lemma 6.4. Let f : I — Z be a generic E-integral curve. Then, for any tg € I and for any
flag chart (x;;) on Z centered at f(to), the sets of orders on components for the projections
mof,my fym_ f,mm f are given as in the following table:

(wa1, Wes, We4, w32) 7o f T f n_f T f
(1,1,1,1) 1,2,3,3,4,5* | 1,2,3,3,4,5* | 1,2,3,3,4,5* | 1,2,2,2,3,3,3,4,5*
(2,1,1,1) 2,3,4,4,5,6 |1,2,4,3,5,6 |1,2,4,3,5,6 |1,3,2,2,4,4,3,5,6
(1,2,1,1) 1,2,3,4,5,6 |2,3,4,4,5,6 | 1,2,3,4,5,6 |1,2,3,2,4,3,4,5,6
(1,1,2,1) 1,2,4,3,5,6 |1,2,3,4,5,6 |2,3,4,4,5,6 |1,2,2,3,3,4,4,5,6
(1,1,1,2) 1,3,4,4,5,7 | 1,3,4,4,5,7 |1,3,4,4,5,7 |2,3,3,3,4,4,4,5,7

where 5* means 5 or 6 on an isolated points.

Remark 6.5. From the formula on weights of components, we can estimate the orders of com-
ponent functions of E-integral curves. However it is possible that the orders of some components
become higher than expected by accidental cancelings of leading terms. Therefore, in order to
determine the exact order of each component of generic curves, we need the explicit local expres-
sions of the projections mg, 74, 7, Tpr and the differential system E C TZ.

Proof of Lemma 6.4. As we have seen in the above arguments, all components of mg o f (resp.
4o fym_o f,ma o f) are obtained just from the four components a1 o f, g5 © f, Tgs © f,z32 0 f
by differentiations, multiplications, summations and integrations. We can spell out, from the
explicit expression of components obtained in §5, which component may have higher order than
expected. For example, since (2520 f)" = (x530 f) (2320 f)', we see z520 f = [(z530 f) (2320 f)'dt.
Therefore ord(zs2 o f) = ord(xs3 o f) + ord(zs2 o f). As another example, for the component
z310 f = (w31 —x30@21) 0 f of mpr, we have (z310 f) = {(231 —32221) 0 f} = —(w320 f) (w210 f).
Therefore z31 0 f = — [(x32 0 f) (221 o f)dt and ord(zs; o f) = ord((z32 © f) + ord(z2; o f).
By the ordinary transversality theorem, we have, generically, just four cases where

(ord(za1 o f),ord(zes o f),ord(zes o f), ord(zs2 o f))
is equal to

(1,1,1,1),(2,1,1,1),(1,2,1,1),(1,1,2,1), (1,1,1,2),
respectively. The last four cases occur just on isolated points, where the orders of all components
are equal to the weights of components. In the first case, the order of one component may increase

by one from the weight of the component accidentally on an isolated points. Thus we have the
above table. a

Proof of Theorem 4.3: We use several results proved in [12]. If the set of orders contains 1,2,3
(resp. 2,3,4,5, 1,3,4,5), then the tangent surface to the projection of the Engel integral curve
is locally diffeomorphic to the cuspidal edge (resp. the open swallowtail, the open Mond surface)
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in (R%,0) or (R?,0). This is proved essentially by the versality of the cuspidal edge (resp. the
open swallowtail, the open Mond surface) as an “opening” of the fold map (resp. the Whitney’s
cusp, the beak-to beak map) (R2,0) — (R?,0). For example, we show one case where the set
of orders of components is given by {1,2,3,3,4,5}. Then the projection of the Engel integral

curve is locally expressed by ¢ : (R,0) — (RS,0) with components

Jil(t) = a1t+--- 5

wat) = arft+-

malt) = agt 4o,

nfl) = a4

molt) = astitooe ]

xg(t) = a6t5 + e
where a; # 0,1 < i <6 and --- means higher order terms.

Then, by a local diffeomorphism on (R, 0) and a linear transformation on (RS, 0) the curve
is transformed into a curve ¢ : (R,0) — (R®,0) with components

(t)
3

=1

=t, 22(t) = > + @a(t), w3(t) = t* + @3(t),
+ 904(t)7 ‘T5(t) =t +905(t)7 xﬁ(t) =t°+ (Pﬁ(t)v

x
)
where ord(¢2) > 3,0rd(ps3) > 4,0rd(ps) > 4,0rd(ps) > 5,0rd(¢s) > 6. The tangent surface of
¢ is parametrized by F(t,s) = ¢(t) 4+ s (t), namely,

T4 (t

z(t,s) =t+s, a(t,8) = 2 + 2t + 2 (t) + s95(t),
w3(t,s) =12+ 3st2 + @3(t) + s5(t),  walt, s) =17+ 3st> + pa(t) + 54 (1),
w5(t, s) = t* + 4st® + o5(t) + sk (t), x6(t,s) =17 + 5stt + @g(t) + swp(t).
If we put u = t + s, then we have that F is diffeomorphic to a map-germ G : (R?,0) — (RS,0)

with components

Z1 (ta U) =u, x?(tv U’) = —t* + 2ut + ’(/}2(1;’ U),
w3(t,u) = =263 + 3ut? + P3(t,u), xa(t,u) = —2t3 + 3ut? + Pa(t, u),
w5(t,u) = —3t* + 4utd + 5t u), x6(t,u) = —4t° + but* + P3(t, u),

where 1;(t,u) = ¢;(t) + (u—t)¢}(t). Now consider the set R of functions h(t, u) such that 2% is a
functional multiple of u—t. All components of G belong to R. We define g, § : (R?,0) — (R?2,0),
by g(t,u) = (u, —t%+2ut +o(t,u)) and §(t,u) = (u, —t2+2ut), both of which are diffeomorphic
to the fold map. Then R coincides with R, the totality of h : (R?,0) — R such that dh is a
functional linear combination of du and d(—t? + 2ut + ¢ (¢, u)), and with R which is similarly
defined. In this situation, we say that G is an opening of g. We can show that any h € R is a
function on

G = (u, —t% + 2ut, —2t* + 3ut?),
which is a versal opening of g. Thus we see, in fact, that there exist functions
By, b3, Pg, P5, D6 : (R?,0) — (R,0)
n (R3,0) with coordinates yi, y2, y3 such that

z1(t,u) = u, To(t,u) = —t2 + 2ut + Py 0 G,
x3(t,u) = —2t3 + 3ut? + P30 G, w4(t,u) = —2t3 + 3ut®> + 40 G,
x5(t,u) = P50 G, z6(t,u) = Pg o0 G.
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Then we see necessarily that %(0) =0, %(0) = 0. Define a map-germ 7 : (R%,0) — (RS,0)
by

(Y1, Y2, Y3, Y4 Y5, ¥6) = (Y1, y2 + P2(y1,y2,¥3), ¥z + P3(y1, y2, y3),
ys + ya + Pa(y1,y2,93), Ys + Ps(y1, Y2, Y3), Y6 + P (y1,Y2,93)) -

Then we have that 7 is a diffeomorphism-germ of (R®,0) and G = 7 o (G,0,0,0). Thus F is
diffeomorphic to (G, 0,0,0), which is diffeomorphic to

(u,v) = (u,v*,0%,0,0,0),

the cuspidal edge in R®. Note that (é ,0,0,0) provides a normal form among tangent mappings.
On the notions of openings and versal openings, and related results, see [12]. We can treat
other cases similarly using Lemma 6.4. Thus we have Theorem 4.3. O

7. Dy CARTAN DISTRIBUTIONS AND NULL FRONTALS

In the previous sections we have studied tangent surfaces to null curves of special kind, that
is, null curves which are projections of E-integral curves (see Theorem 4.3). In general the
tangent surface to a null curve is a ruled surface by null lines, which is not necessarily a null
surface. However, for a projection of an F-integral curve, its null tangent lines do form a null
surface, which we have called the null tangent surface. In this section we provide the geometric
characterization (Proposition 7.4, Remark 7.5) of our main objects in this paper, the null tangent
surfaces, by introducing the new notion of “null frontals” and by using the triality. Moreover
we characterize the null tangent surfaces as geometric solutions to “bi-Monge-Ampeére system”.
Thus we will make clear the significance of our constructions.

We have defined in §3 the distribution Dy C T'N on the flag manifold N.

Definition 7.1. A mapping F' : U — Qo (resp. F : U — Q4+,F : U — Q) from a 2-
dimensional manifold U is called a null frontal if there exists a Dy-integral lift F' : U — N of

F, ie. which satisfies F.(T,U) C (D), and m4(F(2)) = F(x) (resp. 7, (F(x)) = F(),
7 (F(z)) = F(x)), for any z € U.

Remark 7.2. In the above definition, if we can take F an immersion, then we call F' a null
front.

Recall that Qo, Q4+, Q- are endowed with conformal structures of type (3,3) and we have
defined the notion of null surfaces (Definition 4.1).

Proposition 7.3. (1) If F: U — Qq (resp. F: U = Q4+, F : U — Q_) is a reqular (immersive)
null surface, then F is a null frontal.
(2)IfF:U — Qo (resp. F:U = Q4+, F:U — Q_) is a null frontal, then F is a null surface.

As is mentioned in §4 (after Proposition 4.2), we have the following:

Proposition 7.4. Let f: I — Z be an E-integral curve. Consider the projections y9 = mg o f :
I = Qo,vy =mpof 1 = Qp andy- =7m_of : I — Q_. Then the tangent surfaces
Fy = Tan(vp), Fy = Tan(vyy) and F— = Tan(y-) are null frontals. In fact, there exists a Dy -
integral lifting ﬁg of Fy (resp. }?:r of Fy, F of F_) such that 7T+OFS and W,OE (resp. m_ o]*:;
and Ty o ﬁ, Ty © F_ and Ty 0 FA':) are constant along tangent lines.
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Remark 7.5. The converse of Proposition 7.4 holds in the following sense: Let vy : I — Qg be
an immersion. Suppose that 7 is a null immersion, its tangent surface Fy = Tan(yp) is a null

frontal, and, for a D y-integral lifting FO of Fy, 7r+oF0 and 7_ oFo are constant along tangent lines.
Then there exists an E-integral curve f : [ — Z such that 7y = mpo f and 74 OFO (resp. m_ OFO)
is parametrized by 7, o f (resp. m_o f). In fact, we set f(t) = (Vi (t), Va(t), V; (t), Vy (t)), where
Vi(t) = 70(t) regarded as a null line in V' = R4’4, Va(t) is the tangent line to v at ¢ regarded
as a null plane containing V; (). Moreover the null 4-space V," (t) (resp. V, (t)) is given by the

value of w4 o Fyy (resp. m_ o ETVO) along the tangent line corresponding to Va(t).

Note that Dy is described, in terms of tree of fibrations, by
(kern’,, Nkern’ ) @ (kerm, Nkern’ ) & (kerm, Nkern’,,) C TN.

To show Propositions 7.3 and 7.4, we need the following Lemma 7.6 which gives the equivalent
descriptions of Dy in different forms.

Lemma 7.6. Let f = (V1,V,;",V,7) € N. For each tangent vector v € TN, the following
conditions are equivalent to each other:

(1) The tangent vector v belongs to (Dn)y.

(2) There exists a representative c : (R,0) — (N, f),c(t) = (Vi(t), ;1 (t),V, (t)) of the tangent
vector v, with a framing

Vi(t) = (i®)r, Vi () NV (1) = (fu(), fo(1), fs(D))r,
V() = (f1(1), fa(t), f3(t), fa®))r, Vi () = (fo(t), f2(1), f3(D), f5(t))m,
by a curve-germ f : (R,0) — GL(R**),

F(t) = (f1(t), f2(1), f3(2), fa(t), f5(2), fo(t), f2(2), f3(2)),
which satisfies that f(0) is an adapted basis for some flag in 7' (f) C Z, and that

F10) e ViF NV, £5(0), £50) € (ViF nV)h

To show Lemma 7.6, we give local coordinates of N’ and of N. First fix a complete flag as
before

0 0 0o © Wit 0L 0L 0L 4,4
W1CW2CW3 _ W3 CW2 CWI CV:R77
c W) c
and take the open neighborhood
O ={(V1,V3) € N' | Vi n WP+ = {0}, Vs n W5 = {0}}

of (VP,V?) in N’. Then, for any (Vi,V3) € €, there exist unique f1, fa, f3 € V3 such that f;
forms a basis of V1, and f1, fa, f3 form a basis of V3 respectively and they are of form

fi = e+ =xaex +xziez3 +xaie4 + Tsi€5 + Tei1es + Trie7 + Teies,
fo = ez +x42€e4 + Ts2e5 + Te2e6 + Tr2€7 + Tg2es,
fa = e3 +x43€4 + Tszes + Tz€s + Tr3e7r + Tgses,
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for some z;; € R. Then we have

(filf1) = g1+ w1271 + 31261 + 241251 = O,
2(filf2) = wxs2+ w2272 + T31%62 + Ta1¥52 + T51242 + 271 = 0,
2(f1lfs) = wxs3+ w2273 + T31%63 + T41253 + T51043 + T61 = 0,
(folf2) = @72+ w4252 =0,
2(f2lf3) = @73+ 32263 + T42%53 + Ts2243 + Te2 = 0,
(fsf3) = w63+ w4353 = 0.

Therefore we see that
(Izl, T31,T41,T515L61, L7115 L42, T52, L62, L43, 3653)
is a chart on ' C N’. We take
fa = eq+ w5465 + Teses + T7se7 + Tyges,
from V" so that fi, f2, f3, f2 form a basis of V7, and take
fs = waseq +e5 + xe5€6 + X757 + Teses,
from V; so that fi, fa, f3, f5 form a basis of V. Then we have a local chart for N:
(9621, T31,241,T51, 3561,5671,9642,!55275562,5864,9665)'

Note that the calculations of coordinates for N/ and N go similarly to that for Z’ and Z, and
we obtain the local forms of m(, 7/, 7’ from those for 7o, 74, m_ in §5, by just putting x3z = 0.
In fact, we have the coordinate expressions for the projection

7 N — Qo
by
(w21, 31, Ta1, T51, T61, T71, T2, T2, T62, T64, Tes) > (Ta1, T31, Ta1, T51, Te1, T71),
for
N = Qy
by
Ys1 = Tl — Ts2%21 + Te4T31,
Yo1 = 61 — Teal21 — Tea(Ta1 — Ta221),
Y71 =  X71 T T62X31 T T52T41 — T64T42731,
Ys2 = Ts2,
Ye2 = T2 — L4T42,
Yesa = Te4,
and for
7 N = Q_
by
Y41 = T41 — T42%21 + Te5231,
Ye1 = Tl — Te2T21 — $65($51 - $52$21),
Y71 = X1+ Te2x31 + Ts1%42 + Te5252231,
Ya2 = T42,
Y2 = Te2 — Te5T52,
Yeé5 = Te5-

Proof of Lemma 7.6:
(1) = (2) : Let v € (Dn)y. Decompose v = v1 + v3 + v4 into

vy € ker',, Nkern’_,, v3 € ker (), Nker

*
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and vy € ker )y, Nkern!, .. We take representatives g(t), h(t), k(t) of vi,vs,vs4 at 0 respectively,
such that g(0) = h(0) = k(0) is an adapted frame for f, and

(g1(8), 92(t), g3(t), 9a(t))m = Vi, (g1.(£), g2(t), g3(t), g5 (t))m = Vi,
(h ())) = Vi, (h1(t), h2(t), hs(t), hs(t))r =V,

(k1 ()R = V1, (ki (t), ka(t), ks(t), ka(t))r =V,
for any ¢ near 0. Set f(t) = g(t) + h(t) + k(t) — 2g(0). Then we have
f1(0) = g1(0) + K (0) + K1 (0) = g1 (0) € V;" NV,
and
£3(0) = g5(0) + h5(0) + k5(0) € V,© +V,~ = (V,F nv )™
(2) = (1) : Write down the first five components of f(t) as
fi = e H4=xaex +mzies +rases +Tsies +Teies  +x7ier +Tgies,
fo = €2 +x40e4 +Ts2e5 +Te2es +T72€7  +Tgoes,
fa = €3 —Xg5€4 —Te4€5 +Tez€g +Trzer  +Tsses,
fa = eq +Teqe6 +T74e7  +Tgges,
fs = es +xgseg +Trser  +Tgses,

where z;; = x;;(t) with 2;;(0) = 0. Then, by the condition (2), we have x;;(0) = 0, except
for the components xa1, X31, a2, 52, Te4, Tes, L74, L75, and x7,(0) = —xy(0), 255(0) = —2)5(0).
Then we take curves g(t), h(t), k(t) satisfying

= +To1€62 +x31€3,

€2,

g1
g2
g3
g4
gs

hq
ha
hs
hy
hs

13}
ko
ks
k4
ks
Let g: I = N,h: I — N,k: I — N be curves with the frame g(t), h(¢), k(t) respectively. Let
v1,V3,V4 € TfN be tangent vectors defined by g, h, k respectively. Then v = v1 + vo + v3. Since
m!, o g and 7’ o g are constant (resp. 7 o h and 7’ o h are constant, 7 o k and 7/ o k are
constant), we have v, € kern/,, Nkern’,, v3 € kerm, Nkern’_, vy € ker m, Nker .

€1

€3,

€4,

€5,

€1,
e2 +xy0€y,
—ZTe5€4,

€4,

€3

€5 +Xxgseg —Tg2€7,

€1,

= €2 +Ts52€5,

—T64€5,

€3

= €4 +Teq€6 —Ts2€7,

€s5.

—%) —% )

O

Proof of Proposition 7.3:
(1) Regarding F(u,v) as a 1-dimensional subspace in V', we take a frame f(u,v) of F(u,v).

Since F' is regular,
of (u, ) of
" By

f(u,v), (u,v)
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are linearly independent and

Valu,v) = {f, o2, A

is a null 3 space in V = R**, for any (u,v) € U. Then by the partial differentiations with
respect to u, v of the equalities

(a5 =0, (195 =0, &

Gy R

of of
ou' Ou

of of of of

20) =0 (au 81)) (81) Bv) 0

we have that
0*f 0*f O*f
o2’ Judv’ dv?
We set Vi (u,v) = (f(u,v))r C V, and take the unique null 4-spaces V,'(u,v), V, (u,v) such
that Vi(u,v) = V;" (u,v) NV, (u,v). Then define F: U — N by

ﬁ(uvv) = (Vl(u’v)7 V4+(u,’l}),v4_(u,’l})).

€ Va(u,v)*.

Then 7, o F = F. Moreover F is a Dy-integral map.

In fact, for the differential map F,: Tu,yU — TF(U v

~ 0 ~ 0
F*(%) € (DN)ﬁ(uﬂ,)v F*(%) € (DN)ﬁ(u,Uy

To show the first assertion using Lemma 7.6, we set

fi(t) == fu+t,v) € Vi(u+t,v),

)V at any (u,v) € U, we have that

and
fa(t) == %(u +t,0) € Valu+t,v), f3(t):= %(u +t,0)Va(u+t,v).
Take f4(t) and f5(t) such that
Vil (utt,0) = (fu(t), fa(t), f3(1), fa()m, Vi (utt,0) = (fi(t), f2(1), f3(1), f5(t))R,
for any sufficiently small t. Note that F(u + t,v) = (Vi(u + t,v), Vit (u +t,0),V, (u +t,v))
regarded as a curve on N with parameter ¢ represents the tangent vector F, (%) F(u ) N .
We can extend (f1(t), f2(t), fa(t), fa(t), f5(t)) to a curve-germ f : (R,0) — GL(R**

)s
ft) = (fr(t), f2(1), f3(2), fa(t), f5(1), fo(t), f2(t), fa(t)),

such that f(0) is an adapted basis for a flag in 5" (F(u,v))) C Z. Moreover, as is shown in
above,

F1(0) € Vi (w,0) NV (w,0), f5(0), f3(0) € (Vi (u,0) NV (u,0))*
Therefore, applying Lemma 7.6 to v = F (%), we have that F*(a%) belongs to (DN)ﬁ(u v The
assertion that F, ( ~) belongs to (D)5 F(u,v) 18 proved similarly. Thus we have that

F* (T(u,'U)U) - (DN)ﬁ(u,U)’

for any (u,v) € U.
Therefore F is a null frontal. By triality we have the same result also for regular null surfaces

in Q:I:-

(2) Let = (u,v) € U. Let v € T,U. Suppose F,(v) # 0. Then we have F,(v) € (DN)ﬁ(x)'
Take a curve (Vi (t), ;" (t),V; () on N which represents, at ¢ = 0, the tangent vector F, (v) at
F(z). Then f{(0) € V;7(0) NV, (0). The vector f;(0) corresponds to F(v). Therefore

F.(v) € Tr() (P(ViH(0) NV (0)) € Trg) (P(Vi(0))* N Qo) = Crx,
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and F' is a null surface. By triality we have the same result also null frontals in Q4. |

Proof of Proposition 7.4:
Let f:1— Z, f(t) = (Vi(t), Va(t), ;' (t),V, (t)) be an E-integral curve. Take a frame f;(t) of

Vl(t)ﬂ fl(t)7 fQ(t) of Vg(t), fl(t)7 f2(t)7 f3(t)7 f4(t> of ‘/;1+(t) and fl(t)7 fZ(t)7 f3(t)a fS(t) of ‘/;;(t .
Then the curve 7o(t) is defined by the family Vi (¢).

Consider, for each t € I, Vi(t,s) = f1(t) + sf2(t), which can be regarded a projective line. By
the condition fi(t) € Va(t), Vi(t,s) gives the tangent line to v at ¢, even when f1(¢), f1(t) are
linearly dependent. Then Fyy = Tan(vo(¢)) is given by Fy(t,s) = Vi(t, s) and s is the parameter

of tangent lines. We define the lift F{ of Fj to N by
Fo(t,s) = (Vi(t.s), Vit (£), Vi (1))
We have that 5
5 1) +sf2(t)) = fi(8) + s fa(t) € Vit (&) NV (),

%(h(t) +sf2(t) = fa(t) € Va(t) C V7 (1) NV (1),

and that %fg(t) e (V;F@) NV (1), gfg(t) = 0. Thus we have that Fy is Dy-integral by
s

Lemma 7.6. Therefore we have that Fp is a null frontal. Moreover (74 o /F\g)(t, s) = V;H(t) and
(m_o fg)(t, s) =V, (t) do not depend on s.

By the triality, we have the results also for F; = Tan(vy4(¢)) and F_ = Tan(y_(¢)).

In fact, under the diffeomorphism

:N = N, oV, ViV )= (Vi V" nvyp),
@oi:I%N’ is given by
o Fa(t) = (Vi(t), Va(t,9)), Valt,s) := (fi(0), fo(0), fa(t) + sfs(t)m. (t,5) € I x R,
and ®o F_ : I — N’ is given by
o FL(t) = (Vi(t), Va(t, 9)), Va(t,s) = (fi(0), fo(t), fa(t) + sfa(t)m. (t,5) € I x R,
If we arrange to take an adapted frame f : I — O(4,4),
F(t) = (f1(¥), f2(1), f3(2), fa(t), f5(2), fo (), f2(2), fs(2)),
for the Engel integral curve f : I — Z (see §5), then we may write
Fy(t,s) = (Vi(£), Vit (¢, ), Vi (£)), Vi" (£, 8) 1= (fa(2), a(8), Fs(t) + s5(t), f3(t) — s fe(t))m.
and
F_(t,5) = (Vi(t), Vit (£), Vi (£,9)), Vi (£, 8) == (f(t), fa(t), f3(t) + sfa(t), fa(t) — sfo(t))m.,

for any (t,s) € I x R. Therefore F, (resp. F_) has a Dy-integral lift F,, (resp. F_) such that
m_ o F} and mp o Fy (resp. mpo F_ and 7y o F_) do not depend on s a

Let us describe Dy in coordinates. By Lemma 7.6, we pose the condition on a frame

F@) = (f1(t), f2(2), f3(0), f4(t), f5(2), fo(t), f2(1), fs(t))

such that

f1(0) € (f1(0), £2(0), f3(0))r, f2(0) € (f1(0), f2(0), f3(0), f1(0), f5(0))w,
fé(o) € <f1(0>7f2(0)7f3(0)7f4(0)7f5(0)>R~
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Then there exist p;,q; € R,i = 1,2,3 such that

f1(0) = p1f2(0) + q1f3(0),  f2(0) = p2fa(0) + q2f5(0),  f3(0) = p3fa(0) + g3 5(0).
Then we have the differential system Dy: on N’ of rank 6:

dx41 — T42dwo) — T43dT31 = 0,

dxs1 — T52dwe) — T53dT31 = 0,

dxe1 — we2dxo1 + 243753dw31 = 0,

dx7y + Ta0w52d221 + (Ta2753 + T43752 + Te2)dr3y = 0,
dres + T53dx42 + T43dT52 = 0.

The integrability condition is given by

dxgs N dxoy + dxyz A dxrsy =0,
d$52 AN d.ﬁCQl + d$53 A\ d1‘31 = 0,
dIE53 N dl’42 + d$43 A dl’52 =0.

By replacing 43, x53 by —%g5, —Tg4, We have the integrability condition for Dy:

d.’E42 AN dl’gl - d$65 AN dl’gl = 0,
dxso A dxoy — dxes N\ drgy = 0,
dres N dxygs + dxes N\ drse = 0.

Thus we observe that the problem on the local construction of D y-integral surfaces and null
frontals is reduced to the construction of isotropic surface-germs for a kind of “tri-symplectic”
structure on RS as above.

Moreover we observe that, by Proposition 7.4, the tangent surfaces of my-projections of FE-
integral curves satisfy, in addition to the above system,

dl‘42 A d.%‘65 = O7 dl‘52 A d$64 = 0.

To make the situation clear, we consider R® with coordinates x1, z2, 3, 24, T5, £ with three
2-forms:
w1 = dxz N dxry + dxg N dao,
wo = dxs N\ dx1 + dxg N dxo,
ws = dxg N drs + dxy N dxs.

Let us consider an integral surface of the differential system wy = wo = w3 = 0 which projects
to (1, z2) regularly. Then, from w; = wy = 0, it is written locally

_9f of 99 99

B 83717 z4:87$2’ 565:873317 6 = 8372
for some functions f = f(z1,22),9 = g(x1,22). Then from ws = 0, we have the second order
bilinear partial differential equation on f = f(z1,x2),9 = g(x1, z2),

0%f 93¢ 0%f 0%g 5 0%f %

022 0x2 ' 922 922 011072 021015

This equation is regarded as an orthogonality condition of Lagrange-Gauss mapping of two
Lagrange immersions defined by f and g.

zs3

Remark 7.7. Similarly to above, the calculations in B3 geometry, namely geometry of O(3,4),
lead us to the differential system

wlidilig/\dll?1+d$4/\d£€2:0, WQ:dJCg/\dLE4:O,
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on R* with coordinates 1, x2, x3, r4, which is expressed as the Monge-Ampere equation
Proff (N,
02 Ox2 dr101s )]

on “developable surfaces” (see [17][13]). We observe that the Monge-Ampeére equation is obtained
by the reduction g = f or x5 = 3,26 = x4 from the Dy case to the Bz case. See also [16] for
relations of Dy-geometry and Bs-geometry.

Returning to Dy case, consider the differential system on RS,
w1 :O, (095) :0, ws :0, Ql = dl’g/\di&; :07 QQ = dl’5/\dl’6 :0,

which we call a “bi-Monge-Ampeére system”. Then the differential system is expressed by the
system of equations

?forg | Pf0% , f Py

072 022 ' 022022 0x10wy 011012
PLOf ( PF N, P9y (g N\,
02 0x3 010z ) Ox? Ozl Ox10xs )

We conclude that the tangent surface construction in Dy-geometry offers geometric solutions
with singularities of the above bi-Monge-Ampere system of equations.
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